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1- Introduction 

In this paper we will use the standard notations for basic hypergeometric series given in [5], we assume 

that      . 

 

Definition 1.1. [5]. Let   be a complex variable. The  -shifted factorial is defined by  

       {

           

∏  

   

   

                     
 

We define  

       ∏  

 

   

         

The following notation is used for the multiple  -shifted factorials:  

                                                            

                                                                                            
 Definition 1.2 [5]. The generalized basic hypergeometric series is defined by 

     (
          

          

    )  ∑  

 

   

            

              
 [      

( 
 
)]

     
    

where      ;          ;           {       }  are assumed to be such that none of the 

denominator factors evaluate to zero. This series converges absolutely for all   if      and for       if 

     . 

 

Abstract 

     In this paper, we construct the 𝑞 -exponential operator   3𝜙 (
𝑎 𝑏 𝑐
𝑑 𝑒

 𝑞 𝑓𝜃) . We use the 

operator  3𝜙  to obtain an extension of Euler identities, Ramanujan’s sum, 𝑞 -Chu- Vanermonde 

summation formula and we give some other identities. Also we use the operator⬚3𝜙  to get an 

extension of the Ramanujan’s identity, the Askey beta integral, Ramanujan’s beta integral and we give 

some other integrals formulas.     
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     The case       is the most important class of series  

       (
            

          

    )  ∑  

 

   

              

              

               

     The general bilateral basic hypergeometric series is given by:  

                 (
       

          

    )  ∑  

 

   

            

            
[      

( 
 
)]

   
               

      Ramanujan’s sum  

               ∑  

 

   

      

      

     
                  

               

                             

 

Definition 1.3 [5]. For    , the  -binomial coefficient is defined by  

*
 
 
+  {

      

               

               

               
 

  

     In  this paper, we will use the following identities ([5]): 

         
      

        

                                                                 

                                                                        ( 
 
)
                                          

                                                
( 
 
)
                                           

         

     One of the most important identities is the Cauchy identity ([5])   

∑  

 

   

      

      
    

       

      

                                                              

Eu ler found the following special case of Cauchy identity ([5]):   

∑  

 

   

  

      
 

 

      
                                                            

                                      ∑  

 

   

 ( 
 
)  

      

                                                                          

      

     Hein’s  -Gauss summation formula is ([5])  

     (   
 

       )  
            

           

                                                        

     The  -Chu-Vandermonde summation formula ([5]):  

     (     
 

    )  
        

      
                                                              

 

Definition 1.4 [1, 9]. The  -differential operator   is defined by  

 {    }  
            

    
                                                              

Definition 1.5 [9]. The Leibniz rule for   is   
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  {        }  ∑  

 

   

*
 
 
+   {    }    {       }                                     

 

     The following identities are easy to prove:  

 

Theorem 1.6 [4, 12]. Let   be defined as in (1.10), then  

  {  }                       

                                               {       
}                  

                     {
       

       
}     

 ( 
 
)
        

       

          

             

 Definition 1.7 [4]. The  -exponential operator       is defined by  

      ∑  

 

   

      ( 
 
)

      
  

Theorem 1.8  Let   be defined as in (1.10), then  

                                     {       
}                                 

         {           
}       

                

           

                                            

     

     Based on the  -Chu-Vandermonde summation fo rmula (1.9), Zhang and Yang [13] considered the fin ite 

 -exponential operator     (     
 

     ) with two parameters as follows:  

Definition 1.9 [13]. The finite  -exponential operator     ( 
    
 

     )  is defined by   

    (     
 

     )  ∑  

 

   

          

        
                                                

  

Zhang and Yang [13] proved the following result:  

Theorem 1.10 [13]. Let     (     
 

     )  be defined as in (1.13), then we have  

     ( 
    
 

     ) {       }                (     
 

      )  

  

     Inspired by the basic hypergeometric series     , Li and Tan [8] introduced the generalized  

 -exponential operator  *
   
 

     +  with three parameters as follows:  

 

Definition 1.11 [8]. The generalized  -exponential operator  *
   
 

     +  is defined by 

 *
   
 

     +  ∑  

 

   

        

        

                                                          

Li and Tan [8] proved the following result:  

Theorem 1.12 [8]. Let  *
   
 

     +  be defined as in (1.14), then we have  
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 *
   
 

   
 

   
+ {  }       3  (       

   
    

  

   
)                       

 *
   
 

     + {
       

       
}    

       

       
  3  (

       

      
           )                         

 where   acts on  .  

 

     Thomae [10, 11] Jackson [6, 7] introduced the  -integral 

∫  
 

 

             ∑  

 

   

        

 and Jackson gave the more general definition  

∫  
 

 

        ∫  
 

 

        ∫  
 

 

         

 where   

∫  
 

 

              ∑  

 

   

          

 Jackson also defined an integral on       by  

∫  
 

 

             ∑  

 

    

         

The bilateral  -integral is defined by   

∫  
 

  

             ∑  

 

    

                  

 

Askey beta integral is given by ([2]): 

   

∫  
 

  

          

           

    
              

                               

                                   

            

 

Ramanujan’s identity (i) is given by ([3])  

  

∫  
 

  

        

                           

   √                           

        
                 

 

The Ramanujan’s beta integral is given by  

  

∫  
 

 

    
        

      

   
 

       

           

           
                                      

  

 

2. The 𝒒-Exponential Operator and its Operator Identities 

In this section, based on the basic hypergeometric series  3  , we define a  -exponential operator with five 

parameters   3  (
     
   

     ) and obtain some its operator identities.  

Definition 2.1. The  -exponential operator  3  (
     
   

     ) is defined as follows:  

  3  (
     
   

     )  ∑  
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     Note that the finite  -exponential operator defined by Zhang and Yang [13] can be considered as special 

case of our operator for      ,    ,     and      . Also, the generalized  -exponential 

operator defined by Li and Tan in [8] can be considered as special case of our operator for    ,    , 

   ,    ,     and    . 

 

Theorem 2.2  We have  

  3  (
     
   

     ) {
       

       

}  
       

       
    3 (

         

        
        )                       

 provided that    {          }   .  

Proof.  

  3  (
     
   

     ) {
       

       
}                                                                                                                   

        ∑  

 

   

          

          

    {
       

       
}                                                                                                

        ∑  

 

   

          

          

            
               

          

                                                                  

        
       

       
∑  

 

   

          

          

            
        

                         
                          

        
       

       
    3 (

         

        
        )                                                                                            

 

     Note that if       in (2.2) we get equation (1.15) proved by Li and Tan [8]. 

 

     Setting     in (2.2), we get the following corollary: 

Corollary 2.2.1.  We have 

  3  (
     
   

     ) {
 

       

}  
 

       
     3 (

       
        

        )                    

provided that    {           }      
 

     Setting     in (2.2), we get the following corollary: 

Corollary 2.2.2.  We have  

  3  (
     
   

     ) {       }           3  (
     
   

      ),            (2.4) 

provided that          
 

Theorem 2.3  We have  

  3  (
     
   

     ) {          
}                                                                                                                             

           ∑  

 

   

∑  

 

   

            

          

         

      

                   
 ( 

 
)

      

                            

Proof. By using Leibniz rule (1.11), we have  

  3  (
     
   

     ) {          
}                                                                                          
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     ∑  

 

   

          

          

  ∑  

 

   

[
 
 
]   

 {       }    {          }                          

   ∑  

 

   

          

          

  ∑  

 

   

[
 
 
]                                               

    ∑  

 

   

          

          

  ∑  

 

   

[
 
 
]                                          

 By using       and       we get  

                            ∑  

 

   

∑ 

 

   

             
   

            

        

      

                   
 ( 

 
)

      

 

                            ∑  

 

   

∑  

 

   

            

          

         

      

                   
 ( 

 
)

      

                   

    

     Note that, setting    ,    ,    ,    ,     and               in (2.5) and by using Euler 

identity (1.6) and Cauchy identity (1.5), we get the Theorem 2.11. obtained by Chen and Liu [4].  

 

Theorem 2.4.  Let the operator   3  (
     
   

     ) be defined as in (2.1) and   is a nonnegative integer, 

then  

               3  (
     
   

     ) {         }                         

                              ∑  

 

   

∑  

 

   

              
                       

                      

                            

 Proof. From definit ion of the operator   3  (
     
   

     ), we have   

  3  (
     
   

     ) {         }  ∑  

 

   

          

          
    {         }  

By using Leibniz rule (1.11), we have  

∑  

 

   

          

          

    {         } 

     ∑  

 

   

          

          

  ∑  

 

   

[
 
 
]   {       }    {       } 

     ∑  

 

   

          

          

  ∑  

 

   

[
 
 
]                                           

        

             ∑  

 

   

∑  

 

   

              
                       

                      
                                             

     Note that, setting           and     in (2.6) and then using equations (1.7), (1.2) and (1.4), 

we get Corollary 2.4. obtained by Zhang and Liu [14]. 

 

     Setting     in (2.6), we get the following corollary:  

Corollary 2.4.1. We have  
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   3  (
     
   

     ) {  }        3 (
         

     
        )  (2.7) 

  

     When       and        in (2.7) we obtain equation (1.15) obtained by Li and Tan [8]. 

 

3. Applications in 𝒒-Identities 

In this section, we use the operator   3  (
     
   

     )  to give an extension to some wellknown  -

identities such as: Euler identities (1.6), (1.7), Ramanujan’s sum (1.1),  -Chu-Vanermonde summation  

formula (1.9) and we give some other identities. 

 

3.1  Extension of Euler Identities  

 

Theorem 3.1. (Extension of Euler identity (1.7)). We have  

  

∑  

 

   

 ( 
 
)  

      

    3 (
         

     
        )           3  (

     
   

    )               

 

Proof. Recalling Euler identity, we have  

∑  

 

   

 ( 
 
)  

      

          

Applying the operator   3  (
     
   

     )  to both sides of the above equation with respect to the 

parameter  , we get 

  

∑  

 

   

 ( 
 
)

      
  3  (

     
   

     ) {  }    3  (
     
   

     ) {       
}  

 

By using (2.7) and (2.4), we get 

  

∑  

 

   

 ( 
 
)  

      

    3 (
         

     
        )           3  (

     
   

    )                       

 

Theorem 3.2. (Cauchy identity). We have  

∑  

 

   

      

      

   
       

      

  

 Proof. Setting         ,     , in equation (3.1), we get  

∑  

 

   

 ( 
 
)  

      

     ( 
    
 

    )              (   
 

     )  

 By using (1.9), we get  

∑  

 

   

 ( 
 
)  

      

  
        

      
             (   

 
     ) 

∑  

 

    

         ( 
 
)     

        
        ∑  

 

   

      

        

         

 Rep lacing       by        in above equation to have:  
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∑  

 

   

 ( 
 
)      

      
       ∑  

 

   

      

      

      

 by using Euler identity we obtain   

       

      

 ∑  

 

   

      

      

                                                                   

  

     Setting      ,        in (3.1) and then using the Hein’s  -Gauss summat ion formula (1.8), we 

get the following corollary: 

  

Corollary 3.2.1. We have 

∑  

 

   

 ( 
 
)  

      

  3  (
       

   
          )         

            

           
  

  

Theorem 3.3. (Extension of Euler identity (1.6)). We have  

∑  

 

   

  

      

    3 (
         

     
        )  

 

      
    3 (

       

    
 

 

    
  

 
)            

 

Proof. From Euler identity (1.6), we have  

∑  

 

   

  

      

 
 

      

  

Applying the operator   3  (
     
   

     )  with respect to  , we have  

∑  

 

   

 

      

  3  (
     
   

     ) {  }    3  (
     
   

     ) {
 

      
}   

By using       and       the proof is complete .                                                

 

 
3.2.  Extension of Ramanujan’s Sum 

 

Theorem 3.4. (Extension of Ramanujan’s sum (1.1)). We have 

     ∑  

 

   

      

      

      3  (
     
   

       )                                                                                        

  
                  

                 

    3 (
       

         
        )                                                 

 

Proof. From Ramanujan’s sum (1.1) we have  

                  ∑  

 

   

      

      
     

                  

                 
               

∑  

 

   

        
        

      
   

                  

                 

 

∑  
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 Applying the operator   3  (
     
   

     )  to both sides of the above equation with respect to the 

parameter  , we get  

∑  

 

   

          3  (
     
   

     ) {        
}                       

       
              

          
  3  (

     
   

     ) {
        

         

}  

 Now by using the relation (2.4) and (2.2) we get (3.3).                                                                             

 

Corollary 3.4.1. We have  

∑  

 

   

      

      

             
                  

                 

         

          
    

Proof. letting       ,          and      in (3.3), we have  

 

∑  

 

   

      

      
  ∑  

 

   

        

      
       

                  

                  
     (

     

     
    ) 

                  ∑ 

 

   

      

      

  
          

        
 

                  

                 

         

          
   

                   ∑ 

 

   

      

      

             
                  

                 

         

          
                                

 

     Setting        ,     , in (3.2) and using the  -Chu-Vandermonde summat ion formula (1.9), 

we get the following corollary: 

 

Corollary 3.4.2. We have  

     (     
    

     )  
 

      
  3  (

     
     

    )   

  

 

3.3  Extension of the  -Chu-Vandermonde Summation Formula  

  

Theorem 3.5. (Extension of the  -Chu-Vandermonde summat ion formula (1.9)). We have   

∑ 

 

   

          

        

      3 (
         

        
        )                                                           

               
        

      

    3 (
          

           
        )                                            

                            
 Proof. Recalling the  -Chu-Vandermonde summation formula  

                    ∑ 

 

   

          

        
       

        

      

                               

∑  

 

   

          

      
  

        

        
     

        

          

  

 Applying the operator   3  (
     
   

     ) with respect to  , we obtain  
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∑  

 

   

          

      

    3  (
     
   

     ) {
        

        

}      3  (
     
   

     ) {
        

          

}  

 Then by using (2.2) the proof is complete .                                                      

                
 
4. Applications 𝒒-Integrals 

In this section, we use the operator   3  (
     
   

     ) to obtain an extension of the Askey beta integral 

(1.16), the Ramanujan’s identity (1.17), , Ramanujans beta integral (1.18) and we give some other integrals 

formulas. 

 

 
4.1. Extension of the Askey Beta Integral 

 

Theorem 4.1. (Extension of the Askey Beta Integral (1.16)). We have  

  

∫  
 

  

          

           

∑  

 

   

∑  

 

   

            

          

             

      

             

      

 
     

    
   

 ( 
 
)
      

         
              

                               

                       
    

            ∑  

 

   

∑  

 

   

            

          

         

      

          

      
 
   

   
   

 ( 
 
)
                                            

 
 

Proof. From Askey beta integral (1.16) we have:  

  

∫  
 

  

          

           

    
              

                               

                                   

  

multiplying both sides of the above equation by              and then applying the operator  

  3  (
     
   

     ) with respect to  , we get  

∫  
 

  

       

           

  3  (
     
   

     ) {               }    

       
              

 
                     

                       
  3  (

     
   

     ) {             }  

 Using equation (2.5) on both sides of above equation, we get the required result.                 

 

     Note that setting             and               in (4.1) and then using Cauchy identity  

and Euler identity we get Theorem 6.3 obtained by Chen and Liu [4].  

 

Corollary 4.4.1. We have  

  

∫  
 

  

          

           
∑  

 

   

∑  

 

   

          

        

            

      

             

      
 
    

    
   

 ( 
 
)
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                   3  (
     

  

 
    

 
  

   
 

 
)                                                                                                              

Proof. Setting      ,     and         in (4.1) we have  

       ∫  
 

  

          

           
∑  

 

   

∑  

 

   

          

        

            

      

             

      
 
    

    
   

 ( 
 
)
        

 

              
              

                               

                       
                                        

                           ∑ 

 

   

                

        
 
  

   
   

  
 ∑  

 

   

                      

          

 

                      
              

                               

                       
        

                          ∑  

 

   

                

        
 
  

   
   

  
      (

       

   
          )  

                       
              

                               

                       

      

                           ∑  

 

   

                

        
 
  

   
   

  
 

            

                
    (                )  

                     
              

                               

                       

            

           

 

                          ∑  

 

   

              

      

 
  

   
   

  
 

 

            
                       

                   
              

                               

                       

            

           

              

                        ∑  

 

   

              

      

 
  

   
   

  
 

 

      
  

 (
 

   
)

 

          

 

                   
              

                               

                       

            

           

 

          ∑  

 

   

              

            
 

 

   
  

     
              

                               

                       

            

           
 

                        3  (
         

       
      )                                                      

 

4.2.  Extension of Ramanujan’s Identity 

  

Theorem 4.2. (Extension of the Ramanujan’s Identity (1.17)). We have  

 ∫  
 

  

        

                              
    3 (

       

    
    

 
            )    
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√    

                       

        
    3 (      

      

 

        
        )  (4.3) 

 provided that    {            }      
  

Proof. Recalling Ramanujan’s identity (1.17) , then applying the operator   3  (
     
   

     )  on both 

sides of the above equation with respect to the parameter  , we get  

  

∫  
 

  

        

                

  3  (
     
   

     ) {
 

               
}    

      √    
                3  (

     
   

     ) {
             

        

}  

 Now by using equations (2.3) and (2.2) the proof is complete.                                   

 

 

4.3  Extension The Ramanujan’s Beta Integral 

  

Theorem 4.3 (Extension The Ramanujan’s beta integral (1.17))  

  

∫  
 

 

    
        

      
∑  

 

   

∑  

 

   

          

          

          

      

                       

      

 
 ( 

 
)
    

      
 

       

         

           
  3  (

     
   

     )                                                                                   

 

 Proof. Multiplying The Ramanujan’s beta integral (1.17) by           we get  

  

∫  
 

 

    
 

      

                
 

       

         

      
        

 Now applying the operator   3  (
     
   

     ) with respect to  , and using tow relations (2.5), (2.4) the 

proof is complete .                                                                      

 

 

     Setting    ,         in  (4.4) and then using Hein’s  -Gauss summation formula (1.8) we can 

obtain the following corollary:  

 

Corollary 4.3.1. We have 

  

∫  
 

 

    
        

      

∑  

 

   

∑ 

 

   

          

        

            

      

                         

      
 

 ( 
 
)
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