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Abstract

In this paper, we construct the g -exponential operator 5¢, (ac'lbéc; q,fe). We use the

operator ;¢, to obtain an extension of Euler identities, Ramanujan’s sum, q-Chu- Vanermonde

extension of the Ramanujan’s identity, the Askey beta integral, Ramanujan’s beta integral and we give
some other integrals formulas.

1- Introduction
In this paper we will use the standard notations forbasic hypergeometric series given in [5], we assume
that |q| < 1.

Definition 1.1. [5]. Let a be a complexvariable. The g-shifted factorial is defined by

1, if n=0,
n-1
(@ 9)n 1_[ (1-aq®, if n=12,...
k=0
We define
(@ q)o, = 1_[ (1-aqh.
k=0

The following notation is used for the multiple g-shifted factorials:
(a1, a3, Qs D = (a5 D (825D (s Dy 1= 0,12,

A,y 0mi Do = (A5 Do (25 Qoo (A3 q) co-
Definition 1.2 [5]. The generalized basic hypergeometric series is defined by
(al,az,“"ar  q x) _ (ay, )8 Pn
" \by by, by oy (g, b1, bs; @)

1+s-r

[—1)g@] T xm,

where r,s €N; ay,..,a, € C; by,..,bs € C\{q™%,k € N} are assumed to be such that none of the
denominator factors evaluate to zero. This series converges absolutely for all x if » < sand for |x| < 1 if
r=s+1.
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The case r=s+1 is the most important class of
(al'aZ"“'as+1_ )_ N (ar, -, as11;q)n n 1
1\ bbb 1T L b b, T T
The general bilateral basic . hypergeometric series is given
ay, e, Ay (@, ar; @y O} ald
r¢s<b1,b2,..,bs‘q'X)=n:0—(b1,...,bs;qn[(—l)"q(z)] X", Jx] < 1
Ramanujan’s sum
C (@), (@b/aax,q/ax;q).

1¥(a; b;q,x) = L b q), x" = (b, a/a.x bjax)..

Definition 1.3 [5]. For n € N, the g-binomial coefficient is defined by
(4;9)n

—, if 0<k<n;
MGG
k 0, otherwise.
In this paper, we will use the following identities
@q), = (& Q)
(4 @)e
@q™@)n = @/a; Pn(-a/@"q "7, (13)

@D = (0"7/8 Qn(-0)"q 2.
One of the most important identities is the Cauchy identity ([5])
' @D, (@50,
= (4 Dn (Do
Euler found the following special case of Caugohy identity ([5]):
x" 1
2 @ " won <t

n=0
[0 2]
n

. Ixl < 1.

q@xm

= (_x; q)oo

2,

=0

@ Dx

Hein’s g-Gauss summation formula is ([5])

ab, _ac/ba.
01 (%5 ac/ab) ==
The g-Chu-Vandermonde summation formula ([5]):

bn

i ) = LB
' B (6 @)y .

z¢1( N

c

Definition 1.4 [1, 9]. The g-differential operator @ is defined by
fla™'x) = f(x)

q 'x

o{f ()} =
Definition 1.5 [9]. The Leibniz rule for @ is

178

series

by:

(1.1)

([5D):
(1.2)

(1.4)

(1.5)

(1.6)

(1.7)

(1.8)

(1.9)

(1.10)
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6"{f (0 g0} =) [1]04r e Iem*{gleq ), (1.11)
k=0

The following identities are easy to prove:

Theorem 1.6 [4, 12]. Let 6 be defined as in (1.10), then

0% {x"} = (=D " *q (g™ q)

0 {(xt; @)oo} = (=) (xt; @) o

(v; @)oo -9 (XV; q)os
Qk{—}zt" YW/t ———, |xt] <1
6 D q ¥/ q)k(xtq_k;q)co | xt]
Definition 1.7 [4]. The g-exponential operator E (b6) is defined by
(b0)"q'>)

E(bO) = .
¢ — (4 Pn
Theorem 1.8 Let 6 be defined asin (1.10), then
E(b8){(at; @)} = (at,bt;q) .
(as,at, bs,bt; q) o

EWO){(as,at,; )} = (@bst/t Do (1.12)

Based on the g-Chu-Vandermonde summation formula (1.9), Zhang and Yang [13] considered the finite
-N
q-exponential operator ,7; (q Vg, te) with two parameters as follows:
w

-N
Definition 1.9 [13]. The finite g-exponential operator ,7; (q W'v; q, te) is defined by

N _
(@™ vq),

@), (tey". (1.13)

n=0
Zhang and Yang [13] proved the following result:

-N
Theorem 1.10 [13]. Let 27"1(01 W'”;q, te) be defined as in (1.13), then we have

271 (q_‘:’/’v: q, te) {(xh; Dot = (¥b; Qoo 234 (q‘z,v; q, —tb).

Inspired by the basic hypergeometric series ,¢,, Li and Tan [8] introduced the generalized

q-exponential operator E [uv,vvlq; te] with three parameters as follows:

Definition 1.11 [8]. The generalized g-exponential operator E [u‘;vv|q;t9] isdefined by

N wvidd

uv,
" aseo] = L @ wi .

(o)™ (1.14)

Li and Tan [8] proved the following result:

Theorem 1.12 [8]. Let E [uv,vvlq; te] be defined as in (1.14), thenwe have
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uv L n} _ .n (q_NIU,U. q_W)
IE[W lq'uvﬁ]{x }=x" 3¢, 4, = :

w, 0 uvx

E [u,vl 'tH] {(xa;q)m} (3 Qe (u, v,a/b

- 4,54, — t ); 1.15
w xb: 7)., b ). *22\w, q/xb q,;9,—qt/x (1.15)

where 0 actson x.

Thomae [10, 11] Jackson [6, 7] introduced the g- mtegral
[ rwag=a- q)Z Faa"a”
and Jackson gave the more general definition
b b a
f f(t)dqt=f f(t)dqt—f f®)d,t,
a 0 0
where
[ rdgt=aa -0 raamar
0 n=0
Jackson also defined an integral on (0, o) by

[ roie=a-a > e

n=-—oco

The bilateral g-integral is defined by
| rwde=a-o Y ram+ie-ae

n=-—oo
Askey beta integral is given by ([2]):
? (Yt Qe 201 = (%9 Eww q/wu, x/u, —x/w,y/u, =y /U Qe (1.16)
oo(_Wt’ut; q)oo 1 (ql q)oo(wztuzlqz/wz;qz)oo(_xy/qu;q)oo . .
Ramanujan’s identity (i) is given by ([3])
e—x +2mx s ekal —t —kal’ w
dx = Vem® &2 ae Deo, (1.17)
(Sql/ZQZka tql/z —2ikx . q)oo (qu,q)oo
The Ramanujan’s betaintegral is given by
@ - tﬁ oo T 1_xﬁ f e
f tx—l( VDo . (q _3; q) _ (1.18)
0 Do sin(mx) (4,47 Qoo

2. The g-Exponential Operator and its Operator ldentities

In this section, based on the basic hypergeometric series ;¢,, we define a g-exponential operator with five

(abc

parameters ¢, i 4, fe) and obtain some its operatoridentities.

Definition 2.1. The g-exponential operator ;¢, (a b, C,q fe) isdefined as follows:
a,b,c Z (a,b,c;q)y B
q, f 0)". 2.1
sbo ()i @iea U® @D
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Note that the finite g-exponential operator defined by Zhang and Yang [13] can be considered as special
case of our operatorfora = ¢, b = v, d = w and ¢ = e = 0. Also, the generalized g-exponential
operator defined by Li and Tan in [8] can be considered as special case of our operator fora = u, b = v,
c=0,d=w,e=0andf =t.

Theorem 2.2 We have

a,b,c (XU; Qoo _ (xu; @) o a, b,c,u/s.
3¢2( de ; 'fg) {(XS; q)oo} = (X5 Q) 4 3<d,e,q/xs'q'_qf/x)' (2.2)
provided that max{| f/x|, |xs|} < 1.
Proof.
a,b,c (xu; @) o
392 (ood’ e’ q,fH) {—(xs; q)w}
(@b @) (U D)o
= —_— e _—
,Z TR e
_\ @b gt g 045 Dt @)
4 (.4, E'Q)k (xsq7%q) e
(xu-q)oo (a,b,¢;q) fr gD gk u/s; Dk
(xS0 &2 (@,d,e; @) (=xs/q)q7* =D (q/xs; Q)i
9o a,b,c,ufs
T (xs;q)e TR (d,e,q/xs'q'_qf/x)' u

Note thatif c = e = 0 in (2.2) we getequation (1.15) proved by Li and Tan [8].

Setting u = 0 in (2.2), we get the following corollary:
Corollary 2.2.1. We have

30, (a b C' Q:fe) {(xs;lq)w} = (xs;lq)oo 493 (d(f'el’)’qc/’fs: q, —qf/x), (2.3)

provided that max{|xs|, |qf /x|} < 1.

Setting s = 01in (2.2), we get the following corollary:
Corollary 2.2.2. We have

02 ()16 0,00) (s ) = Gsds 50 (%550 -f0). @4
providedthat [fu| < 1.
Theorem 2.3 We have
3P, (a b C, ,fH) {(xs,xt, q) o}
D s (—ftq ) y =)
~ (esoxt q)mz 2 (@,b,c; Qs j (=fta )" (q/xt; q);(ftsx/q)’ q . @.5)

o e @iy (@G (CHY
Proof. By using Leibniz rule (1.11), we have

(abc

302 (7% 0,16) (s, xt:) )
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(o]

k
(a,b,c; q)y k1l B y
=k b (qjd'e:q)ksz [']94{(“:61)00}9" H(xtq™;q)eo}

(a,b,c; @)y k ) .
* (q,d,e; q)k Z [ ]( =) (x8; @)oo (—tq ) (xtq77; @)

(a,b, c; q)y k _ _
= m Z [ ]( =) (x8; @)oo (—tq ) (xtq77; ) j(xt; Q) oo
By using (1.4) and (1.2) we get
(@,b,¢; @) s ;f*T (—tq ™) (q/xt; @) j(—xt) q~
= (s, xt; ‘”‘”Z Z @deDee, @ D @,
(@b, ¢ Qv j (—fta ) (q/xt; @) ;(ftsx /q) q
de vy  (@GDx (@ 9);

)

k=0 j=

(oo}

-()

= (xs, xt, q)Oo

Ms

Note that, settinga =0, b =0,c=0,d=0,e =0and f = cq**/=Y/2 in (2.5) and by using Euler
identity (1.6) and Cauchy identity (1.5), we get the Theorem 2.11. obtained by Chen and Liu [4].

(abc

Theorem 2.4. Letthe operator ;¢, i q, ff)) be defined as in (2.1) andn is a nonnegative integer,

then

b2 (%) 10 £0) (et )™

WX N (@D 60 @7 ) (—af ) (< ftg Y
=Gt ), (@& Dns (@ D@ D), ' (26

j=0 k=0

Proof. Fromdefinition of the operator ;¢, (a b, C,q fe) we have
a,b,c n (@, b, ¢c; @)k n
3¢z( ;4 f9) {(xt, Qoo ¥} = 0—(% 4o D fro*ix™ (xt, q)o}.
By using Leibniz rule (1.11), we have
N (@h,6a) .
mf"e"{(xt,q)wx }
N @b N1l ) s i
z oot ' [ |7t o7 tGeq iy
= N M Z [k]( t)Y (xt; ) q V(1)K D gk D (g7 q) o x KD
— (q,d,¢; D’ ” A
. e (0,b,¢; Q)ies (a7 i (—qf /) (—ftqg™"Y
=G0 ), ). (@3 Drens (0 D0, | -

j=0 k=0
Note that, settinga = b =c =d = 0and f =d in (2.6) and then using equations (1.7), (1.2) and (1.4),
we get Corollary 2.4. obtained by Zhang and Liu [14].

Setting t = 0in (2.6), we get the following corollary:
Corollary 2.4.1. We have
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(450 10) 5 = o, (V58 ot @

Whenc =e = 0and f =d/ab in (2.7) we obtain equation (1.15) obtained by Li and Tan [8].

3. Applications in g-ldentities

In this section, we use the operator ;¢, (a b,c

i q, f@) to give an extension to some wellknown q -

identities such as: Euler identities (1.6), (1.7), Ramanu_]an’s sum (1.1), g-Chu-Vanermonde summation
formula (1.9) and we give some other identities.

3.1 Extension of Euler Identities

Theorem 3.1. (BExtension of Euler identity (1.7)). We have

@) xn _
OO (D ) = o abc
L @ 493 deo 'O af /x) = (=x;@)os 3¢2( Qe ,q,f). (3.1)
Proof. Recalling Euler identity, we have

(”) n
(q Dn

= (=% Q) oo

Applying the operator ¢, (a b,c

5 q, fe) to both sides of the above equation with respect to the
parameter x, we get

)

Z(q 5 ot (%550 50) G = 500 (%50, 16) ()

By using (2.7) and (2.4), we get

oo

a,b,c,qg™™ a,b,c
Z(q D 3( de% :q,—qf/x>=(—x:q)m 3¢z(de:q,f)- .
Theorem 3.2. (Cauchy identity). We have
Z (@ q)kxk _(ax9)o
= (4 Dic Do
Proof. Setting b=c=e=0 ., f=—x , in equation (3.2), we get
2 g ym -
q 27X q n a
: 2¢1( ’:q,)—(xq)mzdn( 4= )
nZO (@ Dn d d
By usin? ) (1.9), we get
¢ (d/axq),
0 (q;Q)na (d;q)n ( % e 2¢1( d - )
(d/a;:9),q% @a)" (39, .
Q. d; = (%) D d o) (=x)".
~ 0, d; @n 1 (q,d; @
Replacing (d,x) by (0,—x) in above equation to have:
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Z (D O @.
@on  E DL G,
by using Euler identity we obtaln
(0 @)er _ i @Dn .
D 2 (4 Dn

Setting c=e =0, f = d/ab in (3.1) and then using the Hein’s g-Gauss summation formula (1.8), we

get the following corollary:

Corollary 3.2.1. We have
> q(’;)xn

q "ab ) (d/a,d/b; q)
5, —dq/abx | = (=%, Q)07 70
L @), 740 0 dasabn) = cxia G
Theorem 3.3. (Extension of Euler identity (1.6)). We
i . (a,b,c,q‘ f/) b, “be0  fa 3.2)
@@)n P\ deo TTI @ De P \de- T
n=0 X
Proof. From Euler identity (1.6), we
i 1
L (@GDn (6w
Applying the  operator 30, (a;i ’ec; q,fe) with respect to x , we

)

n=0

By using (2.7) and (2.3) the proofis complete .

3.2. Extension of Ramanujan’s Sum

i(q ~ 25 ( ,C £8) "} = 3¢2(“f’c,q,fe){ E !

(x' q)oo

Theorem 3.4. (Extension of Ramanujan’s sum(1.1)). We have

(S;Pn
ACTOM
@5%,4/5%,t/5; D)

3(l)z(ab c’

C(Gals,xnt/sx;q)e

Proof. From Ramanujan’s sum(1.1) we have

i S59)n Y=
(t;q)n

[oe]

.—fq")

ab,cx
4Ps (d e, qsx/t’ 4= qf/t)

(q,t/s,5%,q/5%; Q)
(t,q/s,%,t/5% @)oo
(q.t/s,5%,q/5%; Q) o

Z Do (fqn;Q)wz
6D

Z (53002 (4" 4)r =

(6, q/s,%,t/5%; @) o
@, t/s,5%,9/5%;9) o
(q/s,x,t/5%; Q)
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Applying the operator ;¢, (a b, C,q f@) to both sides of the above equation with respect to the
parameter t, we get

Z (5;Dnx™ 3¢; (a&f’;c; 0.0) {(tq™; ).}

n=0
(q,5%,9/5% Q) /s, Do
= . 3¢2( d C' q!fg){ . }
@/$:%:4)w e (t/sx; @)oo
Now by using the relation (2.4) and (2.2) we get(3.3).

|
Corollary 3.4.1. We have
S; P, 5%, q/5%,t/5;q) 0 (qS/6 Dim
(s; @) (g™ ™ @) 2" = (@,5%,q/sx%,t/5;9) 0 (g5/t; q) o
— (& @) & q/s,%,t/s%9) (q5X/E Q)
Proof. lettinga =q ™ b=c=d=e =0and f = —t in (3.3), we have
i (S; D o (@) (tq™) = (q,5%,q/sx,t/S; Q) o (q m,x_q q)
(G = @ (t,a/s,x,qsx/t; Q) *7 " \asx/t" "
Z (S Dn n(tq Do (@5%,q/5%t/5:0) 0 @S/t Dm o
GDn . 45D € a/5%, /5 Qe (@SX/6 D
S;q)n ,SX,q/SX%,t/S;q) 0 (qS/t; P
< (519) (g™ ™ @) x" = (q,5%,q/sx,t/s;q)w (q5/t;q) o .
— (6 Dn (6,a/5,%,t/5 e (@5X/6 D

Setting b=c=e=0,f = —x, in (3.2) and using the g-Chu-Vandermonde summation formula (1.9)
we get the following corollary:

Corollary 3.4.2. We have

291 (d/a O,q,xa) (x; :)w 392 (Z g/ox’ q,.9 )

3.3 Extension of the q-Chu-Vandermonde Summation Formula

Theorem 3.5. (Extension of the g-Chu-Vandermonde summation formula (1.9)). We have

@ "x; Q)j (a, b,c,q’x
N 4—¢3

= @y q)] d,e‘qx/y:q.—qf/y>
(y/x' q) a b C X
o, 3(d e, q“g x/y T ~afly), (3.4)
Proof Recalling the q -Chu-Vandermonde

summation formula

N @9 L O/%,
SRR Ly e R ALk L.
= @y, O Dn

i G 0D 0D
e CE

= X T
;0D V/Xq™ Do
Applying the operator ;¢, (a b.c

5 q, fe) with respectto y, we obtain
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C (@7 x5 9); b, 95 Do . b, (V9" Do
Z T, @ 9 er0) {(y/x:q)m}z" A ATID ) oy

Then by using (2.2) the proofis complete . [ ]

4. Applications gq-Integrals

In this section, we use the operator ;¢,

(1.16), the Ramanujan’s identity (1.17), , Ram’anwans beta integral (1.18) and we give some other integrals
formulas.

(a b, C, q, fe) to obtain an extension of the Askey beta integral

4.1. Extension of the Askey Beta Integral

Theorem 4.1. (BExtension of the Askey Beta Integral (1.16)). We have

(Xt ¥t q)o @b, ¢;Q)ys; (fyq ' /ww)* (—uwq?/xy;q); —fyxt . ()
2)d
foo( wt, ut; q)ooZ Z (d, € Qs (@ D CHOT (Wuqz) 1 at
_ 2(1-q)(g%q )2 (Wu Q/Wu.x/u,—x/WJ/u, —V/U Qe
o @ Do (W?u?, q?/Ww?q%)o
(a,b,¢; Qs fa7/W* (—aw/x9); —fx . _()

2), 4.1
) @ oD @D @D, awg *D

k=0 ]:0

Proof. From Askey beta integral (1.16) we have:

f“’ byt @)e 20 - q)(q%q%)e (Wu, q/wu, x/u, —x/w,y /u, =y /U; @)
—o0 (_thut; q)oo 1 (q! q)oo(wztuzi qZ/WZ; qz)oo(_xy/qu;q)oo

multiplying both sides of the above equation by (—xy/uwq;q)., and thenapplying the operator

3¢ (a b, C, q, f@) with respectto x, we get
o (=W, ut; @) o 3"’2( 4 f9) {(xt, —xy Juwq; q)c, }d gt
21-q)(g%q )zw(Wu,q/Wu,y/u’ —V/U Q) Wb, c
B (@ Qo (W2,u2, g% /W?2; q2),, 3¢’2( ,q,fH) {0 /u, —x/w; @)oo ).
Using equation (2.5) on both sides of above equation, we get the required result. n

Note that settinga =b=c=d = e= 0and f = cq**/=Y/2jn (4.1) and then using Cauchy identity
and Euler identity we get Theorem 6.3 obtained by Chen and Liu [4].

Corollary 4.4.1. We have

(o)

7 Gyt Qe (a,b; @) s (yq 177 /ab)* (-uwq?/xy; q); —yxt . (i)
2)q
o (—Wt, ut; q)wZ z WDrsj (@D CH) aqu) 97kt

186




SCPAS-2019

Special Issue Conference paper
_ 21 = @)(q%9%)% wWu, q/wu, x/u, —x/w, y Ju, =y [u; Qo /2, u/b, q)e
(@ Do (W?u?,q%/W?;q%), (w,u/ab;q)
qw
a,b,—7 R
X 3¢, daab o 4, - 4.2)

u

Proof. Settingc = e =0,d =uand f = uw/ab in (4.1) we have

[o0]

NG T 3 N (@D @iy Va7 /ab)* (—uwq?/xyi ), LN () PN
oo (W UL @)oo W Dis; (@G D CHO abq? o

L.H.S.=
k=0 j=0
2(1 = )(q% %)% wu, q/wu, x/u, —x/w,y /u, =y /t; @)o
(@ Do W? u?, q?/W?q%)os
N @h—aw/g); —x, -, N (@d) b)) (ua ab)"
= (@ w q); abq — @ 9w D
2(1 = q)(q% %)% (wu, q/wu, x/u, —x/w,y /u, =y /t; @)o
@ Do (W? u?, q?/W?q%)os

- (a,b,—qw /x; q; qQ; (—_x aq’,bq’

)iq 2 ¢< . ;q.uq'f/ab>
L (@wa) abq I ug
2(1 = q)(q%q*)% wu, q/wu, x/u, —x/w,y /u, =y /u; q)o
(@ D o(W?,u?,q?*/Ww?q%) o

R.H.S.=

(@b, —qw/x;q;q); —x_. _j  (@W/a,u/b;q)e _
Z, @), ’ (E)Jq 2 (wq’,uq=/ab;q)., (by using (1.8))
_2(1 = q)(@%9%)% wu, q/wu, x/u, =x/w,y [u, =Y /W @)e @/a,u/b,q)o
o (@ Do (W?,u2, g% /W?; q?), (u,u/ab;q) e
XZ (a,b,—qw/x; q); g 1 by using (1.2)
= @ 9; abq (uq=//ab;q);
_2(1 = q)(a% 9% (ww q/wux /u, —x /W, y/u, —y/u @) o (u/a,u/b, Q) w
o (4 @)oo W2, u%, g2 /W?;q?), (w,u/ab; q) o
XZ (a,b,—c.;w/x;q)j (—_x)j -, . 1 .
= @O g () abjua),
201 = @)(q%9)%(wu, q/wux fu, —x /w, y/u, —y/u; @) o (U/a,u/b, @) o
B (4 Qe W2, u2,q2 /w?;q?), (u,u/ab; q) .,

Xi (ab,—qw/x;@); *
o (@qabju;q); wy
_z2a - q)(q%q*)% wu, q/wu, x/u, —x/w,y /u, =y Ju; Qe (U/a,u/b,q)e
(@ D o(W?,u?,q% /w2 q?)e, (w,u/ab;q)o

a,b,—qw/x
X 3¢2( qab/u,O ,q;x/u . L

4.2. Extension of Ramanujan’s Identity

Theorem 4.2. (Extension of the Ramanujan’s Identity (1.17)). We have

—x2+2mx

o . ab,c,0
L Deo 4¢3 (d e il -2k’ @ —qf) dx
) ) s

® (sqel/2e2ikx tqol/2g—2ikx,
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_ \/Eemz(_sqezmki,—tqe_zmki;q)w a, b, c, Lmkl
- (sta;q) 4-¢3 t ;qv_CIf/S ’
49)0 d,e 1/ts

provided that max{|stq|, |qf /s|} < 1.

(abc

Proof. Recalling Ramanujan’s identity (1.17) , then applying the operator ;¢, ;5 q, f@) on both

sides of the above equation with respect to the parameter s, we get

—x+2mx
a,b,c

1
[ ey o Caior) ey

. b,c (=sqe™™ 3 @)er }
_ m’ (_tge=2mki. @ q,10) F———=4
Vre™ (~tqe Do 3¢z( de’? f ){ (5t4; @) oo

Now by using equations (2.3) and (2.2) the proofis complete. ]

dx

4.3 Extension The Ramanujan’s Beta Integral

Theorem 4.3 (Extension The Ramanujan’s beta integral (1.17))

VD (@b Qi CFa N @y ), ftya™ Y (1)
2)g
J(-) t Deo Z Z (deDirj (@D (@ 9); 47t

— T ( § q)oo a, b C
- sin(mx) (4,¥97% ) 3¢2( 0.7). (4.4)

Proof. Multiplying The Ramanujan’s beta integral (1.17) by (yq~;q). We get

* 1 T (@75
et —yt, Y975 @) odt = — Y5 @)oo
Jo GO Jolt = Gotm) @ Dm ¢
ab,c

Now applying the operator ¢, ( i q, fe) with respect to y, and using tow relations (2.5), (2.4) the

proof is complete . [ ]

Setting c = e, f = —d/ab in (4.4) and then using Hein’s q-Gauss summation formula (1.8) we can
obtain the following corollary:

Corollary 4.3.1. We have

L (Y50 (@, b; Q)i+; (dg "7 /ab)* (¢**"/y; @) ;(dtyq " /ab) ()
fo “ Do RZ)]Z) @ Div; @D (4; @), Tt

__T @y Do (d/a,d/b; q)o
sin(mx) (4,¥47% @) (d,d/ab; q)o
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