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Abstract

In this paper, Adomian decomposition method (ADM) and modified Adomian decomposition method
(MADM) has been introduced to find the exact or approximate solution to a wide class of multi-higher fractional
order linear integro-differential problems of Fredholm type with variable coefficients in which the fractional
derivative is described in the Caputo sense. In this methods the solution of a functional equation is considered as
the sum of infinite series of components usually converging to the solution based on the appearance of the noise
terms, where a closed form solution is not obtainable, a truncated number of terms is usually used for numerical
purposes. Finally, Numerical experiment prepared that modified Adomian decomposition solutions converges
faster than Adomian decomposition solution and by several examples illustrate these considerations.

1. Introduction
In this paper, we consider the multi-higher order Linear Fredholm Integro-Fractional Differential Equations
(LFIFDE’s) in Caputo sense with variable coefficients in the general form:

n-1
D mu(t) +Z P,(0) 5D/ "u(t) + B, ul®) = f(t) +/1ny€ (t, s)CDﬁm Tu(s) ds ,
i=1 a J=0

a<t<b ..(1)
Subject to the conditions:
H, (u(°) (ce)u®(cg),,u? (cf)) =Cy; cg € la,bl, v¢
for all £=01,,u—1;p=max{la,l,[B,]} where %, are the linear combination of
u©® (c;),u(l) (c;),---,u(”‘l)(cf); wherea;, f; € R* for all (i,j # 0), mg, — 1 <a; < my,, and my, —
1< B; <mg, where my, = la;land mg, = [B]for all i=12,..,n and j=12,..,m Combine with
property that:
Ay >y 1> >a,>a,=0and B, > Bp_1>>p >B,=0.
Denotes the given continuous functions, u(t) is the unknown function, which is the solution of equation
(1) and Ais a scalar parameter. Where thyu(t) is Caputo’s fractional derivative and y is the order of the
fractional derivatives.
Adomian decomposition method was introduced by Adomian [3,7] which is an effective technique that has
been employed by many researchers to solve scientific problems [5,6,8,14]. This method is series solution
technique while the solution is viewed as the infinite series sum with easily computed components which
converges rapidly to specific solution [7]. In this article we intend to give a new procedure and
modifications: ADMs for the first time for solving the class of the multi-high order fractional linear
integro-differential equations of Fredholm type.
From here, we present the necessary information’s from fractional calculus (FC), Adomian decomposition
method (ADM) and modification techniques of ADM, this information’s with some important lemmas are
used in our suggested procedure to solve our problem (1).
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2. Fractional Calculus:
In this section, we present some basic definitions, lemmas and properties about linear operators of
fractional integration and fractional differentiation which are used throughout this paper. For more details,
see[4,9,11,12,15]:
Definition 1:

A real valued function u defined on [a, b] be in the space Cs[a, b] , §-any real number, if there
exists a real number k > &, such thatu(e) = (¢ — a)*u, (¢), where u, € C[a,b], and it is said to be in the
space C4'[a, b] if and only if u™ € Cgla, b], n-positive integer number with zero.

Definition 2:
Let u € C4la, b], § = —1 with any positive real number a. Then the Riemann-Liouville fractional integral
operator ,Jof order a of a function u, is defined as:
t (t _ f)a_l
Jeu® = f r(@
u(t)  whenever a=0
Furthermore, forall « > 0, § = 0 and u(t) € Csla, bl, § = —1, then:
JESEU®) = o JEu®) = o u)
And, for @ > 0 and 8 > —1, Define u by u(t) = (t — a)? the R-L integratel can be formed as

won T+1D e
Jeult) —m(t - a)k

u(®)dég, a>0

Definition 3:
Let @ > 0, and m = [al.the Riemann-Liouville fractional derivative operator D#, of order « and
u € €, [a, b] anddefined as:
D[ gmeu(e) ], a>0
Rpgu(®) =< u® whenever a =0
u™ (), Ifa =m(eN) and u € C™[a,b]
The RL-derivative for any power function u(t) = ((t — a))ﬁ, where @ > 0and § > —1 can be express by:
rg+1
Definition 4:
The Caputo fractional derivative operator ¢D# of order « € R* of a function u € C™[a,b] and
m—1<a<m, meNis defined as:
m-a[pmy(t)], a>0
cpru(t) =4 ult) whenever a =0
u™ (), 1fa = m(e N) and u € C™[a,b]
Fora = 0,a ¢ N and m = [al then $Dfu(t) is continuous on [a, b], and [$DFu(t) 1,_, = 0. Moreover,
The $Df, (¢ = 0and m — 1 < & <m) of the power function u(t) = (t — a)? for some S = 0 can be
formulated as:

0 if €{0,1,2,--,m — 1}
cpru(®) =4 T +1) (t — )b if fENand p=m
rg+1-a orf¢& Nand B >m —1
Hence, we have the following properties:
. Rpre = C%and D*c = 0;Cis any constant; (@ = 0,a & N)
. Rp&u(t) = D" Jm*ult) # J oD ut) = ¢Dfu(t) ;m = [al.
. Leta > 0,m = [al and u € C™[aq, b], then, the relation between the Caputo derivative and

R-L integral are formed:
DAl JEu@® ]l =ul®) ; a<t<b

m-l_ (o
JEEDAU®] = u® ~ Y = k,(a) c - )
k=0 )

We adopt Caputo’s definition, which is a modification of the R-L definition and has the advantage of
dealing properly with initial value problem, for the concept of the fractional derivative.
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Lemma (1): (The Caputo derivative is left inverse of the RL-integral but notright inverse) [10, 13]

l. If u is continuous and a=0 with m-1<a<m(eN) , then
D& Jiu®) =u(®), a<t<b - (2)
1.  Assumethata > 0,m = lal,and u € C™[a, b]. Then
= u® (2)
JEEDEUD = u® — ) (t — a)* - (3)
pert k!
Lemma (2):

If G be a continuous real valued function on [a, b] x [a, b], then for each non-negative fractional order

m—1 < a < m(e N) the following are valid:
b

b
a]f‘fG(t,s)ds =f[a]f‘G(t,s)]ds (@)

a

and
b

b
ZDt"‘f G@t,s)ds = f[th“G(t,s)]ds e (i)
a a

Proof:

(i) Applying R-L fractional integral of order @ > 0, definition (2), to integral part fabG(t, s)ds for all

t € [a, b] and using the interchanging order of integration, we have:
b t b

J?fﬁt,s)dwﬁf(t—f)“‘l fc(f,s)ds]df

a a a

- )”(t— )a1 G (e, s)dgds_j[aha(t ds m

(i) Applying a-Caputo derivative, definition (4) for m = [al, to integral part f G(t s)dsforall t € [a, bl

and using generalization of the fundamental theorem of integral calculus [1] with the interchanging order
of mtegratlon yields:

cpg fa(t $ds = - a)f(t— ymea-a . ds [fa(g s)ds‘dg

a

f(t— ym-a-i af—mG(f ,s)dsdé

b
— m-a-—1 _ CDa -
f[r( a)f(t &) agmG(E s)df]ds f[a 2G(t,s)]ds
Lemma (3):

Assume that @ and B are two non-negative fractional order such that « > 1 and a = f with

m, = lal mg = [gl and u € €™ [a, b] and m = max{m,, m, }. Then

cpf Jeu@) = JfPu®, a<t<b
Proof:
Using the definition of g-Caputo fractional derivative (4) with R-L fractional integral (2) for a-
order, and after apply the generalization of the fundamental theorem of integral calculus [1], yields

Df[Jeu®] = o D[ Jeu®]} = ’””{dmﬁ [ﬁja-e)a 1u(§)df]}
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t
= a]:nﬁ_ﬁ %(0{ - Dl -2 (a—my) f(t — )My (8)déE

mg-p) 1 (a — D!

f(t — Oy (§)dE

= ol M@ (a—my - 1)!a
Also, using the R-L fractional integral for order & and lemma (1) to obtain:
ﬁDf[a],ff‘u(t)] _ m[g B[ ]a mg (t)] _ mB B+a-mpg u(® = . ta—ﬁu(t)

3. Adomian Decomposition Method (ADM)
The Adomian Decomposition method, [3,7], consists of decomposing the unknown function u(t) of any
equation into a sumof an infinite number of components defined by the decomposition series:

w® = up® +w, O + o+ u, D+ = ), O @
r=0

where the components w,.(t) ,r > 0are to be determined in a recursive manner. Adomain and Rach [2]
and Wazwaz [1] have investigate the phenomena of the self-canceling “noise” terms where the sum of
components vanishes in the limit. If the noise terms exist between the components u, (t) and u, (®), it will
provide the exact solution by using only the first two iterations. A necessary condition for the appearance
of the noise terms is that the zeros component u, () must contain the exact solution among the otherterms.
first we apply a,,-order of R-L fractional integral for both sides of our problem and using lemma (1) and
lemma (2, part-i) we obtain

ul® = J&F© + Z

(t —a) + Z JMB® DI u® ] + J (B uD)]
i=1

k=0
m b
T Bm-j

Z f F;(t,s) D" uls)ds (5)

Jj=0gq
where P,(t) = —P,(Dforall i = 1,2,-,n and K (t,s) = ,J/"K;(t,s) forall j =0,1,-
Second, according to the decomposition method, we assume the series solution for the unknown function
u(®) in the form (4) and it is leads to the following recursive relation:

u® = J& O + Z D e~ o

~~

U, () = Z JIBE@SD O] + g B, ®u, @] (6)

m b
fo]? t,s) CDﬁm Ju,(s)ds ,forallr >0
Jj=0gq

C; (

Now, as a special case if P,(t) = —C; = =1,2,--,n — 1) where C; are any real constants then we can

write equation (6) as follows:
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(k) (a)
ue® = JF@ + Z (t — @)
n-1 Ma, =1 u(k) (a)
XA (¢ — @)*+an—an-i
~ per’ Ik +a, —a,_;+1)

(7

B
=l

Uy @O = Y Gl 1, (O] + J B, Ou, D]

1
b

1y jgc(t §) Py (ds | r= 0

Jj=0{a
The components u,,u,, u,,--- are determined recursively by above formula (6) or (7). It is important to
note that the decomposition method suggests that the zeros component u, (t) be defined by the conditions
and the function £ (t) as described above. The other components namely u,,u,, -+~ are derived recurrently.
Sowe usean approximation of the solution bythg following truncated series:

u@® =4, = Z w(®, n=012,-

r=0

i

3

4. Modified Adomian Decomposition Method (MADM)
It is interesting to note that the modified decomposition method depends mainly on splitting the
inhomogeneous into finite parts namely £ (t),i = 1,2, ..., N € N, therefore it cannot be used if the function
consists of only one term. The success of this modification depends only the paper choice of £ (t) and this
can be made through trials only.
By the same stages of ADM, we obtain equation (5) as following form:

n—1

u®) = g@©) + Z JIB @ DI @] + J B, u(t)]

i=

+az f T, (6,s) P Iuls) ds ®)
j=0gq
where
Man =1 @ ()
9@® = Jmr@© + Z z

k!
k=0

i (t,s) = J"K;(t,s) and P(0) =—Pi(t)
In this method the function g(t) can be set as the sum of finite partial functions £.(¢t),i = 0,1,...,N € N. In
other words, we can set:

(t—a),  my =la,l

g®O =£fO+£E) +-+ f, @) )]
Here, the zeros component is defined by one part of g(t), namely £, (¢) or £, (t) and the other part of g (t)
can be added to the component u,(t) among other terms. In other words, the MADM introduces the
modified recurrence relation:
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u,@®) = £, @)
w0 = £, +

Ms

-
1}

n

U, () =

i

|
o

1

JIBE@ DI uy ] + J B, Ou, )]
b
f (¢, s) CDBm Tup($)ds, i=1)

JIBE® DI, @] + g B, Ou, ®)]

’ (10)

Msl

A

+

b
f % (¢, s) ngm_jur(s)ds, (r=N)
a

Jj=0
Now, as a special case if P,(t) = C;where C; =
then g () in equation ® become5'

—C;=—-P,() foralli=1,2,---,n—11is any constant

g@—JﬂN%PZ

(k)( )

(t _ a)’“’“n—an—i

() (a)\‘

(t—a)k+ZC<

Z (k+an—an_i+1)u

/ a1

by the same way the function g(¢) is defined as the sum of finite partial functions £(¢t),i > 1and the

components u, (), u, (8, -+,

uy(t) = £, (8)

uu)fH@+ZCJ%%w%@nJﬁm@%@]

+1

N gE

[y

Upy 1 ()

1l
fy

+
~
S5~
gb4§
—"'R

SO We use an approximatio

u,,, () is defined as:

n-1

b
fﬂ?j(t, s) ng’"‘qu(s)ds, i=1)
a

]l

i w1+ g/ B, Ou, ()]

% (t,s) ngm_jur ()ds, (r=N)

—

of the solution bythe following truncated series:

(12)

u@E%@=2m@,1wamw
r=0
5. lllustrate Examples:
Here, two analytical results were presented for linear IFDE of Fredholm type with variable coefficients

using Adomian Decomposition and Modified Adomian Decomposition method.

Example (1)
Consider the linear Fredholm of IFDE with variable coefficients for multi-higher fractional orders:
ED2%u(®) + 25D %u(®) — 3ult) = f(©)

1

+fmwa@)+u+ﬁmwamnm

0

where
—6 6 6 6 6

12 3.4 2
FQZ) Teat +9t'*ﬂ&@t+r65)+4aﬂz@

@) =
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subjected to the condition u(0) = 0. Applying the ADM for solving our problem, from first part of
equation (6) we obtain:

O = —312 6r(4.4) . 8 . 6 e 6 [ 1 1 ] os
Yol = = T e DIt TrGe’ Trearze’ Trasircs fzsrezelt
For the second part of equation (6) puttingr = 0 in it and finding each parts we get u, (¢) as follows:
o 6r(4.4) 2 6I'(4.4)r(6.6) o4 [3r(5.2) 3r(4.4) ¢ r.2)
Ut = r(2.4)r(5.2)t + r(2.6)F(4.6)r(7.4)t "~ |20rG.2) + 20r(2.4) t +4F(3.8)I‘(2.2)t
r@a.2) s 8 . 54 ., 18 v
+ ra.2) - F(3.8)t + r4.6) e F(3.6)F(3.8)t
18 1.6[ 1 1 ]
+ r.e) t r@.s) + 4.8r(2.8)

1 [ -6 r.4) 6 18

et |TGe es ' TEarGe f rTae

6 1 1 )
"T2e (r(3.5) T 28r2se) ]

1 0_8[ -6 6r(4.4) 18 6
"ras’ 163 rearGy Tt@s) 38163
6 ( 1 1 ) 6 r(4.4) 6 18
+ r.3) \r@a.s) + 48r(2.8))  48r(2.8) 7r(2.4) + 4.6'(2.6)1(3.8) + 5.6I'(3.6)

6 ( 1 1
+ 3.6I'(1.6) \I'(3.5) + 4.8r(2.8)>

The noiseterms:( )
6r4.4 8 6 1 1
i t4.2 i t2.8 i t1.8 i t0.8 [ +
r.4r.2) r@.s) r@.8)r.s r(1.s) r@.5)  4.8r.s
appear in u,(t) and u, (). Cancelling this terms from the zeros component u,(t) gives the solution
u(®) = 1, (t) = —3t? which is the exact solution thatsatisfies our linear FIFDE’s.

Example (2)
Consider we have the following linear IFDE of Fredholm type:
1

eprou() — 5EDI3ult) + tu(® = £©) + f [(¢ — )5DO%uls) + 265 SDO?uls) Ids
0

where
@) =1t3- 07 + t°-4—[ 2 + * —1]t+#
ra.7) r(.4) r@.2) 3.8r(2.8) 3.2r(2.2)
subject to the conditions: u(0) =1 and u’(0) = 0,
Using equation (11) we get:
O = 12 10 (23 6 (a6 26 [ 2 4 1] 2 (164 1
g = ra.3) +r(5.6) r@.6) F(3.2)+3.8F(2.8) +3.2F(2.2)F(2.6) +
_ 03
ra.3)
From g () we assume that:
L@ =t2+1
10 6 26 2 4 2
— _ 2.3 4.6 _ _ 1.6
L0 = r(3.3)t +F(5.6)t r@.e) F(3.2)+3.8F(2.8) 1]+3.2F(2.2)F(2.6)t
_ 5 03
rc.3)

We next usethe MADM recurrence formula (12) to obtain:
u, @ =f0 =¢t*+1
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u, () = £ + 5723 u, @] — greltu,®)] + J-[Oltm[t— s1§DO8u (s) + Jrel2ts]§Do%u,(s)]ds

=0
It follows immediately that
U, =0,vr>1
So u(t) =t? + 1 is the solution which is the exact expression for our linear FIFDE.
Example (3)
Consider the higher order linear FIFDE with variable coefficients:
1

DU + e = £© + [ 25 §00u9as

where
f® = : t— 2 01 —¢3
3.3r(2.3) ° Tr(1.1)
subjected to the conditions: u(0) =0, u’(0) = 0, while the exact solution is: u(t) = —t2.

First apply standard ADM for solving our problem. Here, n=1,m =0,a, = 1.9,8, = 0.7,P,(t) =t
and %, (t, s) = 2ts. From first part of equation (6) we obtain:
4 6

w®) =t + e G TG

For the second part of equation (6) putting » = 0 in it and finding each parts we get u, (t) as follows:
1

0, () = ?mm%mnaij@gcﬁm&ws

=0

J 0
6I'(6.9) ve 4r(4.9) oo 6 . 4 vo

“TGores) ' 33r2arGores’ Trco’ 33re3rGo’
so the first approximation of the solution is

6r(6.9) e 4r(4.9) cs

+ r(.9)r(s.s) v 3.3r(2.3)r(3.9)r.8) v
Putting r = 1, into equation (6) for obtaining u, (t). Thus:

u(®) =4, = uy@®) +u, ) = —t?

m 1
0, (®) = ?mwwwthfm@gcﬁwﬁms

_ 27.2T'(4.9) o, 354 . j=0502.81"(6.9) 0 15.6 s
= 33r3arGOre)". 168’ TrGoOraLn’  33reares)’
2¢29 [ —41(4.9) 6 6I'(6.9)
+ r@3.9) 23.43r(2.3)r(3.9)r(.1) + 6.2 (5.2) + 9.11r(5.9)rs.1)

4

 13.86I'(2.3)r (3.2)
so the second approximation of the solution is
u@® =4, = uy©) 4+ u, (@) + u, @)

) 27.2T'(4.9) o 52.8r(6.9 o
—t*+ %7 — et
3.3r(2.3)r3.9)ro.7) r.9ra1.7)
229 —41(4.9) 6 6I'(6.9)
+ r3.9)(23.43r(2.3)r3.9)r.1) + 6.2I(5.2) + 9.1r(5.9)r(.1)
4

~ 13.86I'(2.3)r(3.2)
Putting r = 2, into equation (6) for obtaining u(t). Thus:

m

1
%w=dﬂmm4M+me@gcﬁ%®m
j=0o9
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6 ., 27.21(4.9r10.7) e 52.8r(6.9)1(12.7) e
= t*? — the + th
r@.9) 3.3r(2.3)r(3.9r9.7)r(12.6) r(.9r@11.7r4.6)
2r49) [ —4r(4.9) 6 6r6.9)
" 1(3.9)r(6.8) t 23.43r(2.3)r3.9)r.1) + 6.2(5.2) + 9.1r(5.9)r(.1)

4
B 13.861"(2.3)F(3.2)]

2¢29 [ -2 27.21(4.9)1(9.7) 52.80(6.9)r(11.7)
+ r@.9) [3.2r(2.3) + 33r(2.3)r3.9r0.7r© 12rG.9ra1.7r1)
2 —4r(4.9) 6 6r6.9)
T 22rG2 <23.43F(2.3)F(3.9)F(6.1) T 62rG2 T 91rG.ore.n

4
B 13.86F(2.3)F(3.2)>]

so the second approximation of the solution is
u® =, = ue® +u, © +u, @) +us(®)

27.2r(4.9) 52.8r(6.9)
8.7 10.7 +

T332 arGoren " T rGorain’ ' rGo)
27.2T(4.9)r(10.7) 52.8T(6.9)r(12.7)

T 33IrCATGIrONIAze) "t TEOTALITase) "
2r(4.9) cs [ —41(4.9) 6 6r'(6.9)

" 13.9)r6.8) = 23.43r(2.3)r3.9r.1) + 6.2r(5.2) + 9.1r(5.9)r.1)

t4—.9

— _tZ

4
B 13.86F(2.3)F(3.2)]
2¢29 —4r(4.9) 6 6I'(6.9)
"TG9 [23.43F(2.3)F(3.9)F(6.1) t62rG.2) T 91rG.ore.1
4 -2 27.21(4.9)r(9.7)

"~ 13.865 (2.3)r(3.2) + 3.2r(2.3) + 33r(2.3)r3.9ro.7)r()
52.8I(6.9)1(11.7)

T 12r(5.9r@1.7)rn
2 < —4r(4.9) 6 6r6.9)

+ 4.21(3.2) \23.43r(2.3)r(3.9)r(6.1) * 6.2r(5.2) * 9.1r(5.9)r(8.1)

4
B 13.86r(2.3)r(3.2)>]

gives the solution u(t) = —t? which is the exact solution that satisfies our linear FIFDE’s.
Second apply MADM,
Using equation (11) we get:

4
—_ 2 2.9 4.9
90 =+ G T TGo"
From g (t) we assume that:
4 6
L@ =—t%,£f,@) = 29 +9

33r 23G9 o’

We next use the MADM recurrence formula (12) to obtain:

u,(®) = f, ) = —t? )
u, (O = £, + Jl(=u,® 1+ f[oltl'g[Zts] eD7uy(s)lds =0
It follows immediately that ’

U, &) =0,vr>1
So u(t) = —t? is the solution which is the exact expression for our linear FIFDE.
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6. Conclusion

In this paper, two analytic and approximate methods for treating “linear integro-fractional differential
equation of Fredholmtype with variable coefficients” were introduced with some illustrating examples for
each method and the following points have been noticed:

1.

In general, these analytical and approximate methods proposed here provided good results and

effectiveness in solving our problem.

2. Sometimes the Noise terms in Adomian method will not appear, so we use modified Adomian
Decomposition method.
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