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Abstract

Using the concept of preopen set, we introduce and study closure properties
of pre-limit points, pre-derived sets, pre-interior and pre-closure of a set, pre-
interior points, pre-border, pre-frontier and pre-exterior in closure space. The
relations between pre-closure of a set and pre-interior (point) in closure
spaces and pre-closure of a set and pre-interior (point) in topological space
are investigated.
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Introduction

The notion of (X, ¢)( closure space) was introduced by Khampakdee [1]. He
introduced open set and closed set in closure space [1]. And also he
introduced Semi-open sets in biclosure spaces [2]. The notion of preopen set
was introduced by Mashhour et al [3]. In [4] Halgwrd M. Darwesh defined
preopen set in closure space which is different of preopen set in topological
space, he introduced and studied some properties of preopen sets in closure
space. They work in operation in topology in [5-28]. In this paper, we introduce the
notions of pre-limit points, pre-derived sets, pre-interior of sets. We study
some results of topological spaces in [29] & [30].

2.Preliminaries

Through this paper, (X,7) (resp. (X,c)) always mean topological spaces
(closure spaces). The intersection of all closed sets in topological spaces which
contain A, is called closure of set denoted by CI(A). And also the union of all
open sets which contain in A is called interior of A which is denoted Int(A4). A
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subset A of X is said to be preopen [3] if A € Int(Cl(A)). The complement of
a preopen set is called a preclosed set.

Definition 2.1 [1]

A function c: P (X) — P (X) defined on the power set P(X) of aset X is called a
closure operator on X and the pair (X, ¢) is called a closure space if the
following axioms are satisfied:

(A1) c(¢p) = ¢.
(A2) A € c(A) for every A cX.

(A3)A € B = c(A) € c(B) forall A,B < X. A closure operator c on a set X
Is called additive (respectively, idempotent) if A, B< X, c(AUB) =c(4A) U
c(B) (respectively, forall A€ X = cc(A) = c(A). Asubset A € X is closed in
the closure space (X, c) if c(A) = A. It is called open, if its complement in X is
closed. The empty set and the whole space are both open and closed.

Definition 2.2 [4]

A subset A of a space (X, c) is said to be a preopen set, if there exists an open
set G such that A € G < c(A4). The complement of a preopen set is called
preclosed. The family of all preopen sets denoted by PO (X, c). The family of all
preclosed sets denoted by PC(X, c).

Theorem 2.1 [4]

A subset A of a space (X, c) is preclosed if and only if there exists a closed set F
such that X\c(X\A) € F c A.

Proposition 2.1 [4]

The union (intersection) of any family of preopen (preclosed) sets in a
space(X, c) is preopen (preclosed).

Definition 2.3 [4]

The interior operator i: P(X) — P(X) corresponding to the closure operator ¢ on
X isgiven by; i(4A) = X\c(X\A4).

Theorem 2.2 [4]

Let A be a subset of a closure (X, c). If x € c(A), then G N A + ¢, for each open
subset G of X containing x.
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Theorem 2.3 [4]

Let A be a subset of a closure (X, c) and c is idempotent on X, then x € c(4) if
and only iIf G N A # ¢, for each open subset G of X containing x.

Proposition 2.2 [4]

Let c be an idempotent closure operator on a set X. If A is preopen in X and

B € A € c(B), then B is preopen.

Theorem 2.4 [4]

Let ¢ be an idempotent closure operator on X. A subset A of X is preopen if and
only if A € X\c(X\cA) = ic(A).

Proposition 2.3 [4]

If A is closed and preopen in a space (X, c¢), then A is open.

3 Some Properties of Preopen Sets

Definition 3.1

Let (X, c) be a closure space, x € X and N be a subset of X. Then N is called a pre-
neighborhood of x in X, if there exists a preopen set , suchthatx € V, € N.

Definition 3.2
Let A be a subset of a closure space (X, c ). A point x € X is said to be pre-limit point of
A, if it satisfy the following assertion:

V' n(A\{x}) # ¢, for every preopen set VV such that x € V.The set of all pre-limit
points of A is called the prederived set of A and is denoted by Dy (A).

Note that for a subset A of X, a point x € X is not a pre-limit point of A if and only if
there exists a preopen set IV in X such that x € V suchthat Vn (4 \ {x}) = ¢, or
(equivalently, x e VandVNnA=¢orVnA={x}).

Theorem 3.1

Let c; and c, be two closure operator on X such that PO(X, c;) € PO(X, c,). For any
subset A of X, every pre-limit point of A with respect to c, is a pre-limit point of A with
respect to ¢,

Proof.

Let x be a pre-limit point of A with respect to c¢,.Then V' n (A4 {x}) # ¢, for every
preopen set V with respect to c,, such that x € V. But ¢; € c,, so, in particular, V' N
(A {x}) # ¢, for every preopen set V with respect to c;, such that x € V. Hence x is a
pre-limit point of A with respect to c,.
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The converse of Theorem 3.1 is not true in general as seen in the following
example.

Example 3.1
Let X = {a, b, c,d} and defined closure operator c,: P(X) — P(X) by:
¢ ifA=¢
c,(4) = { {b,c,d} if p # A< {b,c,d}
X otherwise

So PO(X,c,) = {¢,{a},{a, b},{a,c},{a,d},{a,b,c} {a, b,d} {a,c d} X}
And also defined closure operator c,: P(X) — P(X) by:

_(¢ ifA=¢
CZ(A)‘{ X ifp+AcK.
So PO(X,c,) = P(X). We have PO(X,c;) € PO(X,c,). Let A = {a, b}, then Dp(A) =
{b, c, d} with respect PO (X, c;) and Dp(A) = ¢ with respect PO(X, c,). Note that d is
pre-limit point of A with respect PO(X, c,), but it is not a pre-limit point of A with
respect PO(X, c,).

Theorem 3.2
For any subsets A and B of (X, ¢ ), the following assertions are valid:
(1)If A € B, then Dp(A) S Dp(B).
(2) Dp(A) UDp(B) S Dp(AUB).
(3) Dp(ANB) S Dp(A) N Dp(B).
(4) Dp(Dp(A)\A S Dp(A).
(5)Dp(A U Dp(A)) S AU Dp(A).
Proof. (1): Let x € Dp(A). Then x € X is a pre-limit point of A. SoV n
(A\ {x}) # ¢, for every preopenset V.But A € B,soV n (B \ {x}) # ¢, then x is
a pre-limit point of B, that is x € Dp(B). Hence, Dp(A) S Dp(B).

(2)Wehave A AUB and B € AU B, then by(1) Dp(4) S Dp(A U B) and
Dp(B) S Dp(A U B).Hence, Dp(A) U Dp(B) € Dp(A U B).

(3)Wehave AnNB S Aand An B < B, then by(2) D,(ANnB) € Dp(A) and
Dr(ANB) € Dp(B).Hence, Dp(ANB) € Dp(A) N Dp(B).

(4) Let x € Dp(Dp(A))\A. S0 x € Dp(Dp(A)) and x & A. Then, x is a pre-limit
point of Dp(A). Thatis, V N (Dp(A4) \ {x}) # ¢, for every preopen set V. Then,
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thereexistsy e VN (Dp(A) \ {x}).Soy e Vandy € Dp(A) \ {x}. Then, y €

Dp(A) and y # x. Thus, y is a pre-limit point of A. Then, V. n (A \ {y}) # ¢ and

y#x. Ifwetakez e Vn (A \ {y}), so x # z because x ¢ A. Hence, V' N

(A\ {x}) # ¢, then x is a pre-limit point of A. Therefore x € Dp(A). Thus

Dp(Dp(A)\A < Dp(A).

(5) Letx € Dp(A U Dp(A)). Then x is a pre-limit point of A U Dp(4). If x € 4,
the result is obvious. Assume that x & A. Then, V N (AU Dp(A)\ {x}) # ¢, for all
preopen set V. This means that, VN (A \ {x}) = ¢ or V. n (Dp(A)\ {x}) # ¢. The
first case implies x € Dp(A). If V. N (Dp(A)\ {x}) # ¢, then x € Dp (DP (A)).
Since x & A, it follows similarly from (4)that x € Dp(Dp(A))\A S Dp(A).
Therefore (5) is valid.

In general, neither inclusion of Theorem 3.2 is true as we will seen in the
following examples.
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Example 3.2

Let X = {a, b, ¢, d} and defined closure operator c: P(X) — P(X) by: c(4) =
(A if A € {¢,{b},{c},{b,c}}
{a,b} ifA € {{a},{a b}}
{c,d} ifAe€{{d}{cd}}

{a,b,c} ifA € {{a, c},{a,b, c}}
{b,c,d} ifAe{{b,d}{bcd}}
. X otherwise
Hence PO(X,c) = {¢,{a},{d},{a, b},{a,d} {c,d},{a,b,d},{a,c,d}, X} Fortwo
subsets A = {a,c}and B = {a, b,d} of X, we get D, (A) = {b} € {b,c} = Dp(B),
but A £ B. This shows that the converse of Theorem 3.2(1) is not valid.
Example 3.3

Let X = {a, b, c,d, e} and defined closure operator c: P(X) — P(X) by:

(A ifAe{p}="F
{b, e} ifA € {{b}{e}{be}}=¢

ca) ={ {abe} ifA€{{a}{ae}{ab}{abel}=H
{b’ C d’ e} ifA ¢ {?,g,}f}andA - {b, (o d, e}

N

X otherwise
PO(X,c) ={¢,{a,b},{a,c}{a,d},{c,d}, {a b, c}{a b,d}, {a,c,d} {a,c, e}

{a,d,e},{a,b,c,d},{a,b,ce},{a b,d e} {a,c d, e}, X}. Now consider two subsets
A ={a,b} and B ={b,c,d} of X. Then Dp(A) ={b,e}, Dp(B) = {a,e}, and so
Dp(ANB) =¢, but Dp(A) N Dp(B) ={e} € ¢ = Dp(AN B). Thus the equality in
Theorem 3.2 (5)is not valid.

Example 3.4
Let X = {a, b, c,d} and defined closure operator c: P(X) — P(X) by:

A if A € {¢,{a},{d},{a,d}}
c(h) =

X otherwise

Hence

PO(X,c) =

{¢.{b} {c}{a b} {a, c}{b,c},{b,d}{c,d}{a b, c}{a b, d}{a cd},{b,cd}, X}
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Let A = {a,b} and B = {a, c} be subsets of X. Then D,(A) = ¢ = Dp(B). Dp(A) U
Dp(B) = ¢, Dp(AUB) ={a,d}but Dp(AUB) ={a,d} £ ¢ = Dp(A) U Dp(B).
Thus the equality in Theorem 3.2(2) Error! Reference source not found. is not valid.
For a subset A = {a, b, c}of X, we have DP(DP(A)) = Dp({a,d}) = ¢.But Dp(A) =
{a,d} € Dp (DP (A))\A = ¢, and so the equality in Theorem 3.2(4) is not valid. Now for
asubset B = {b,c} of X, we get Dp(B) = {a,d},and so BU Dp(B) = X and Dp(X) =
{a,d},but BUDp(B) = X & Dp(B U Dp(B)) = {a,d}. This shows that Dp(4 U
Dp(A)) = AU Dp(A) = X. Hence the equality in Theorem 3.2(5) is not valid.

Definition 3.3
Let (X, c ) be aclosure space and A € X. The intersection of all preclosed sets
containing A is called the pre-closure of A, denoted by Cl,(A).

Theorem 3.3
Let (X, c) be a closure space, A, B € X then the following properties are true:
(1) Clp(A) is preclosed set.

(2)A € Clp(4).

(3)Clp(A) is smallest preclosed set which containing A.
(4)If A< B, then Clp(A) < Clp(B).

(5)Clp(A) U Clp(B) € Clp(A U B).

(6)Clp(ANB) € Clp(A) N Clp(B).

(7) A is preclosed set if and only if A = Clp(A).

(8)Clp(Clp(A)) = Clp(A).

Proof:

1.1t follows from Definition 3.3 and Proposition 2.1.

2.0bvious.

3.From (1) and (2), we get Cl,(A) is preclosed set which containing A. It is enough to
show Clp(A) is smallest preclosed. Let L be1any preclosed set with A < L. Then, L is
one of the preclosed sets in which the intersection is taken it is mean Clp(A) =
N{K, K is preclosed set and A € K}. Hence Cl,(A) is the smallest preclosed set
containing A.

4. BY (2) B < Clp(B), sinceA € B,s0 A < Clp(B), but Clp(A) is the smallest preclosed

set containing A. So Clp(A) S Clp(B).
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5. It follows from (4).

6. It follows from (4).

7. Let A = Clp(A).Since Clp(A) is preclosed set by (1), then A is a preclosed set.
Conversely: Let A be a preclosed set. Then A is the smallest preclosed set which
contains A. So A = Clp(A) by (3).

8. Let L = Clp(A). So L is a preclosed set by (1), then by (7) L = Clp(L). Thus Clp(A) =
Clp(Clp(A)).

Theorem 34

Let (X,c) be aclosure spaceand A € X. Thenx € Clp(A) ifandonlyif ANV # ¢,
for all preopen set V which contains x.
Proof.

Let x € Clp(A) and suppose that A NV = ¢, for some preopen set V' which contains
x. This implies that X/V is a preclosed set and A € X/V. So Cl,(A) € Clp,(X/V) =
X/V. This implies that x € X /V, which is a contradiction. Therefore, ANV # ¢, for all
preopen set V, Which contains x.

Conversely. If x & Cl,(A), then there exists a preclosed set K such that A € K and
x & K. Hence X \ K is a preopen set which containing x and An (X \K) € An (X \A4)
= ¢. Which is a contradiction. Hence, x € Clp(A)is valid.

Corollary 3.1
For any subset A of a closure space (X, c¢), we have Dp(A4) S Clp(A).

Proof.

Let x € Dp(A). Then, A/{x} NV + ¢, for all preopen set V which contains x. So
ANV # ¢, forall preopen set V that contains x. Thus, by Theorem 3.4 x € Cl,(A).

Theorem 3.5
For any subset A of a closure space (X, c¢), we have Clp(A) = AU Dp(A).

Proof.

Let x € Clp(A). Assume that x ¢ A and let V be a preopen set with x € V. Then, A/
{x}nV # ¢, andso x € Dp(A). Hence Cl,(A) € AU Dp(A). The reverse inclusion is
valid by A € Cl,(A) and Corollary 3.1.

Theorem 3.6
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For a subset A of a closure space (X, ¢), we have A is preclosed if and only if Dp(A4)
c A.

Proof.

Assume that A is preclosed. Let x € A, i.e.,, x € X \ A. Since X \ A is preopen, sO x
is not a pre-limit point of 4, i.e., x € Dp(A), because (X\A) N (A\{x}) = ¢. Hence,
Dp(A) € A. The reverse implication is followed by Theorem 3.5.

Corollary 3.2

Let A be a subset of a closure space (X, ¢). If F is a preclosed superset of A, then
Dp(A) S F.
Proof.

By Theorem 3.2 (1) and Theorem 3.6, A € F implies Dp(A) € Dp(F) € F.

Theorem 3.7

Let A and B be any subsets of a closure space (X, ¢) such that A is preopen. If the
family of all preopen subsets of X is form a topology on X, then AN Cl,(B) S
Cl,(ANB).

Proof.

Letx e ANClp(B). Then,x € Aand € Cl,(B) = BUDp(B).Ifx € B, thenx € AN
B<c Clp(AnB). If x ¢ B,thenx € Dp(B) and so B/{x} NV # ¢, for all preopen set
IV containing x. Since A is preopen and V N A is also a preopen set containing x. Hence,
VNn(AnB) =V NA)NnB # ¢, and consequently x € Clp(A N B). Therefore,
ANClp(B) € Clp(ANB).

Example 3.5
Let X = {a, b, ¢, d} and defined closure operator c: P(X) — P(X) by:

A ifAe{¢p,{a}}=7F

ca) ={{ad ifde ({d{a,d}} =g |
{a,c,d} ifA{F G}and A< {a,c,d}
X  otherwise

Hence PO(X,c) = {¢,{b},{a,b},{b,c},{b,d},{a,b,c},{a,b,d},{b,c, d}, X}
which is a topology on X. Consider the subset A = {a, b} and B = {b, c} of X, then A n
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Clp(B) ={a,b} +# X = Clp(A n B). This shows that the equality in Theorem 3.7
IS not true ingeneral.

Example 3.6

The family of all preopen subsets of Example 3.4 does not form a topology on X and
since for subsets A = {a,b} and B = {b,c} of the closure space X AN Cl,(B) =
{a,b} € {b} = Clp,(A n B). This shows that the conditions that the family of all preopen
sets of X form a topology, in Theorem 3.6 is necessary and it can not be dropped.
Definition 3.4

A closure space(X, c) is said to be discrete if every subset of X is open set.

Note that

(1) An closure spaces (X, c¢) is discrete if and only if every subset of X is closed.
(2) If A is a subset of a discrete closure space (X, c¢), then Dp(A) = ¢.
Proposition 3.1
Let A be a subset of a closure space (X, c¢). If a point x € X is a pre-limit point of A4,
then x is also a pre-limit point of A\{x}.

Proof. Obvious.

Definition 3.5

Let A be a subset of a closure space (X, c). A point x € X is called a pre-interior point
of A, if there exists a preopen set V such that x € V < A. The set of all pre-interior
points of A is called the pre-interior of A and is denoted by Inty(A).

Proposition 3.2
For subsets A and B a closure space (X, ¢), the following assertions are valid.

(1) Intp(A) is the union of all preopen subsets of A.
(2) Intp(A) is the largest preopen set contained in A.
(3) A is preopen if and only if A = Intp(A).
(4) Intp(Intp(A)) = Intp(A).
(5) Intp(A) = A\Dp(X\A).
(6) X\Intp(A) = Clp(X\A).
(7) X\Clp(A) = Intp(X\A).
(8) If A < B,theniIntp(A) S Intp(B).
(9) Intp(A) U Intp(B)) < Intp(A U B).

(10) Intp(ANB) € Intp(A) N Intp(B).
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Proof:

1.Let {V;:i € A} be the collection of all preopen subsets of X containedin 4. If x €
Intp(A), then, there exists j € A such that x € V; € A. Hence, x € U;ea Vi, and so
Intp(A) € U;ep V;. On the other hand, if y € U;epV;, then y € V,, € A for some k € A.
Thus, y € Intp(A), and so U;ep V; € Intp(A). Accordingly, Intp(A) = Uep V;.

2. Since Intp(A) = UgcalG,G is preopen set}, so by Proposition 2.1 Intp(A) is a
preopen set. Also Int,(A) € A. Now, to prove Intp(A) is the largest preopen set
contained in A. Let H be any other preopen set that contained in A. Since H is a preopen
setand H € A. SO H € U;c4{G, G is preopen set} = Intp(A). That is H S Intp(A).
Thus, Int,(A) is the largest preopen set contained in A.

3. Let A be a preopen set. Since Intp(A) is largest preopen contained in A and A € A, so
A C Intp(A). And since Intp(A) € A. Thus, A = Intp(A).Conversely: It follows
from part(1).

4. Let U =Intp(A).So U is preopen set, then U = Intp(U) by (3). Thus, Intp(A) =
Intp(Intp(A)).

5. If x € A\Dp(X\A), then x & D, (X\A) and so there exists a pre-open set I/ containing x
such that V' n (X\A) = ¢. Thus, x € V € A and hence x € Intp(A). This shows that
A\Dp(X\A) € Intp(A). Now let x € Intp(A). Since Intp(A) N (X\A) = ¢, we
have x & Dp(X\A). Therefore, Intp(A) = A\Dp(X\A).

6. Using (4) and Theorem 3.5, we have X\Intp(4) = X\(A\Dp(X\4)) = (X\4) U
Dp(X\A) = Clp(X\A).

7.Using (4) and Theorem 3.5, we have Intp(X\A) = (X\A)\Dp(4) = X\(A U
Dp(A)) = X\Cip(A).

8.Let x € Intp(A), then x is pre-interior of A, so there exists a preopen set VV such that
x €V S A butAcB.Sox€eV < B, then x is pre-interior of B. Hence, x € Intp(B).
Thus Intp(A) € Intp(B).1t follows from part (8).

9. It follows from part (8).

The converse of (8) in Proposition 3.2. is not true in general as seen in the
following example:

Example 3.7
Let X = {a, b, c,d, e} and defined closure operator c: P(X) — P(X) by:
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(A ifA€{¢p,{a}{bcde}}=F
{b, e} if A € {{b},{e},{b,e}} =G

c(4) ={ {a,b,e} ifA € {{a, b},{a,e} {a,b, e}} =X
{b,c,d,e} ifA¢{F,GH}and A < {b,c,d, e}

\ X otherwise

Let A = {a,b} and B = {a, c,d} be subsets of X. Then Intp(4) = {a} € Intp(B) =
{a,c d}.

Definition 3.6
For a subset A of a closure space (X, ¢), the set
(1) Bp(A) = A\Intp(A) is called the pre-border of A.
(2)Frp(A) = Clp(A)\Intp(A) is called the pre-frontier of A.

Remark 3.1
If A is a preclosed subset of X, then Bp(A) = Frp(A).

Example 3.8

Let (X, c) be the closure space which is described in Example 3.7. Let A = {a, b, e}
be a subset of X. Then Intp,(A) = {a}, and so Bp(A) = {b, e}. Since A = {a, b, e} is pre-
closed, Clp(A) = {a, b, e} and thus Frp(A) = {b, e}.
Example 3.9

Consider the closure space (X, c)which is given in Example 3.3. For a subset
A ={b,c,d} of X, we have Int,(A) = {c,d} and Clp(A) = {b,c,d, e}. Hence Bp(A) =
{b}and Frp(A) = {b, e}.

Proposition 3.3
For a subset A of a closure space (X, c), the following statements hold:

(1)A = Intp(A) U Bp(A).

(2) Intp(A) N Bp(A) = ¢.

(3)A is a preopen set if and only if Bp(A) = ¢.
(4) Bp(Intp(A)) = ¢.

(5) Intp(Bp(A)) = ¢.

(6) Bp(Bp(4)) = Bp(A).

(7)Bp(A) = AN Clp(X\A).
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(8) Bp(A4) = AN Dp(X\A).

Proof:

1.0bvious.

2.0bvious.

3.1t follows from Proposition 3.2 (3) and Definition 3.5 (1).

4.Since Intp(A) is preopen, it follows from (3) that By (Intp(A4)) = ¢.

5. If x € Intp(Bp(A)), then x € Bp(A) € A, and then x € Intp(A). Thus, x € Bp(A) N
Intp(A) = ¢, which is a contradiction. Hence, Intp (Bp(A)) = ¢.

6. Using (5), we get Bp(Bp(A)) = Bp(A)\Intp(Bp(A)) = Bp(A).

7.Using Proposition 3.2 (6) we have Bp(A) = A\Intp(A) = A\(X\Clp(X\A)) =
AN Clp(X\A).

8. Applying (7) and Theorem 3.5, we have we have to show Clp(A4) € A. To this end,
letx & A. Thenx & Frp(A).Sox & Clp(A)\Intp(A). Butsince Intp(A) € Aand x ¢
A,so x & Clp(A). This means that, Clp(A) S A. So A is preclosed.

Lemma 3.1
For a subset A of a closure space (X, c), A is preclosed if and only if Frp(A) € A.

Proof.

Assume that A is preclosed. Then Frp(A) = Clp(A)\Intp(A) = A\Intp(A) € A.
Conversely suppose that Frp(A) € A, then Clp(A)\Intp(A) € A.To show A is
preclosed.. In view of Theorem 3.3(7). We have to show Cl,(A) € A. To this end,
letx ¢ A. Thenx & Frp(A).Sox & Clp(A)\Intp(A). Butsince Intp(A) € Aand x &
A,so x & Clp(A). This means that, Clp(A) S A. So A is preclosed.

Theorem 3.8
For a subset A of a closure space (X, c¢), the following assertions are valid:
(1)Clp(A) = Intp(A) U Frp(A).
(2)Intp(A) N Frp(A) = @.
(3)Bp(4) S Frp(4).
(4)Frp(A) = Bp(A) U (Dp(A)\Intp(A4)).
(5)A is a preopen set if and only if Frp(A) = Bp(X\A).
(6)Frp(A) = Clp(A) N Clp(X\A).
(7)Frp(A) = Frp(X\A).
(8)Frp(A) is preclosed.
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(9)Fre(Frp(A)) S Frp(A).
(10)Frp(Intp(A)) € Frp(A).
(11)Fr»(Clp(A)) S Fry(A).
(12)Intp(A) = A\Frp(A).

Proof:

1.0bvious.

2.0bvious.

3.0bvious.

4.Using Theorem 3.5, we obtain Frp(A) = Clp(A)\Intp(A) = (AU Dp(4)) N
(X\Intp(4)) = (A\Intp(A)) U (Dp(A)\Intp(A)) = Bp(A) U (Dp(A)\Intp(4)).

5.Assume that A is preopen. Then Frp(A) = Bp(4A) U (Dp(A)\Intp(A)) = ¢p U
(Dp(A)\A) = Dp(A)\A = Bp(X\A) by using (4), Proposition 3.3 (3), Proposition
3.2 (3) and Proposition 3.3 (8).

Conversely; suppose that Frp(A) = Bp(X\A). Then ¢ = Frp(A)\Bp(X\A) =
(Clp (ANIntp ()N ((XN\AD\Intp(X\A)) = A\Intp(A) = Bp(4). By (5) and (6) of
Proposition 3.2, and so by Proposition 3.3(3), A is preopen.

6.1t follows from Proposition 3.2(6).

7.1t is followed from (6).

8. we have Clp(Frp(A)) = Clp(Clp(A) N Clp(X\A)) S Clp(Clp(A)) N Clp(Clp(X\
A)) = Clp(A) N Clp(X\A) = Frp(A). Obviously Frp(A) € Clp(Frp(A)), and so
Frp(A) = Clp(Frp(A)). Hence Frp(A) is preclosed.

9.This is by (8) and Lemma 3.1.

10. Proposition 3.2 (4), we get Frp(Intp(A)) = Clp(Intp(A))\Intp(Intp(A4)) S
Clp(A)\Intp(A) = Frp(A).

11. We obtain Frp(Clp(A)) = Clp(Clp(A)\Intp(Clp(A)) € Clp(A)\Intp(A) =
Frp(A).

12, Weget A\Frp(4) = A\(Clp(AD\Intp(4)) = A N (X\Clp(A)) U Intp(A) = p U
(AU Intp(A)) = Intp(A).

The converse of (3) is not true in general as seen in the following
example.

Example 3.10
Example 3.9 shows that the reverse inclusion of Theorem 3.9 (3) is not valid

in general.
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Definition 3.7
For a subset A of a closure space (X, c¢), the pre-interior of X\A is called the pre-
exterior of A, and it is denoted by Extp(A), that is, Extp(A) = Intp(X\A).

Example 3.11
Consider the closure space (X, c)which is given in Example 3.7. For subsets
A ={a,b,c}and B = {b,d} of X, we have Extp(A) = {d, e} and Extp(B) = {a,c, e}.

Theorem 3.9

For subsets A and B of a closure space (X, ¢), the following assertions are valid.
(1) Extp(A) is preopen.
(2) Extp(A) = X\Clp(A).
(3)Intp(A) <€ Intp(Clp(A)) = Extp(Extp(A)).
(4)If A € B then Extp(B) S Extp(A).
(5)Extp(AU B) € Extp(A) N Extp(B).
(6) Extp(A) U Extp(B) € Extp(ANB).
(7)Extp(X) = ¢, Extp(¢p) = X.
(8) Extp(A) = Extp(X\Extp(4)).
(9)X = Intp(A) U Extp(A) U Frp(A).

Proof.

1.1t follows from Lemma 3.1 and Proposition 3.2(1).

2.1t is straightforward by Proposition 3.2(7).

3.Applying (6) and (8) of Proposition 3.2, we get Extp(Extp(A)) = Extp(Intp(X\
A)) = Intp(X\Intp(X\A)) = Intp(Clp(A)) D Intp(A).

4.Assume that A c B, then Extp(B) = Intp(X\B) € Intp(X\A) = Extp(A) by using
Proposition 3.2(8).

5.Applying Proposition 3.2 (10), we get Extp(AU B) = Intp(X\(AU B)) =
Intp((X\A) N (X\B)) S Intp(X\A) N Intp(X\B) = Extp(A) N Extp(B).

6.Using Proposition 3.2 (9), we obtain Extp(A N B) = Intp(X\(AN B)) =
Intp (X\A) U (X\B) 2 Intp(X\A) U Intp(X\B) = Extp(A) U Extp(B).

7.Extp(X) = Intp(X\X) = Intp(¢p) = ¢. Also Extp(¢) = Intp(X\¢p) = Intp(X) = X.
8.Using Proposition 3.2 (4), we have Extp (X\Extp(A)) = Extp(X\Intp(X\A)) =
Intp(X\A) = Extp(A).
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9.
Intp(A) UExtp(A) U Frp(A) = X\Frp(A) U Frp(A) = X.

Example 3.12

Let (X, c) be aclosure space which is given in Example 3.7. Let A = {b,e} and
B ={c,d,e}. Then Extp(B) = {a} < {a, c,d} = Extp(A). This shows that the converse
of (4) in Theorem 3.9 is notvalid. Now let A = {d,e}and B = {c}. Then
Extp(AUB) ={a} # {a,b} ={a,b,c} n{a,b,d,e} = Extp(A) N Extp(B) which
shows that the equality in Theorem 3.9 (5) is not valid. Finally let A = {a, b} and
B ={c,d,e}. Then Ext,(ANB) ={a,b,c,d,e} and Extp(A) U Extp(B) = {a,c,d,e}.
This shows that the equality in Theorem 3.9 (6) is not valid.

Theorem 3.10
Let (X, ¢) be idempotent closure space and A,B € X, if A € B, theni(A) <€ i(B).

Proof.

Since A € B, then X\B € X\A4, so c(X\B) < c(X\A) (since c is closure operator),
then X\ c(X\A4) € X\ c(X\B),s0i(A) € i(B).

Theorem 3.11

Let (X, c) be idempotent closure space and A € X, then i(i(A)) = i(A).
Proof. Let i(4) = X\c(X\4), 50 i(i(4)) = i(X\c(X\4)) = X\c(X\(X\c(X\A4))) =
X\c(X\X\c(X\A))) = X\c(c(X\A))) = X\c(c(X\A))) = X\c(c(X\A))) =
X\c(X\A) =i(A).
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