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Abstract

In this paper, we introduce and discuss minimal A,.-open sets in topological spaces. We
establish some basic properties of minimal A,.-open. We obtain an application of a
theory of minimal 4,.-open sets and we defined a 4,.-locally finite space.

1.Introduction

The study of semi open sets in topological spaces was initiated by Levine[1l]. The
complement of A is denoted by X \ A. In the space (X, 7), a subset A is said to be b-
open[2]if A < Cl(Int(A)) U Int(CI(A)). The family of all b-open sets of (X,7) is
denoted by BO(X). The concept of operation y was initiated by Kasahara[3]. He also
introduced y -closed graph of a function. Using this operation, Ogata[4]introduced the
concept of y-open sets and investigated the related topological properties of the
associated topology 7, and 7. He further investigated general operator approaches of
closed graph of mappings. Further Ahmad and Hussain[5] continued studying the
properties of y —open(y-closed) sets. In 2009, Hussainand Ahmad[6], introduced the
concept of minimal y-open sets. In 2011[7] ( resp., in 2013[8]) Khalafand Namiq
defined an operation Acalled s-operation. They defined A*-open sets[9] which is
equivalent to A-open set[7] and A,- open set[8] by using s-operation. They work in
operation in topology in[10-22]. They defined Az.-open setby using s-operation and -
closed set and also investigated several properties of Az -derived, Ag.-interior and Ag.-
closure points in topological spaces.

In this paper, we introduce and discuss minimalA,.-open sets in topological spaces.

We establish some basic properties of minimal A,.-open sets and provide an example to
illustrate that minimal A,.-open sets are independent of minimal open sets.

First, we recall some definitions and results used in this paper.

2. Preliminaries
Throughout, X denotes a topological space. Let A be a subset of X, then the closure and
the interior of Aare denoted by Cl(A)and Int(A)respectively. A subset Aof a
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topological space (X, t) is said to be semi open [1] if A © Cl(lnt(A)). The complement
of a semi open set is said to be semi closed [1]. The family of all semi open (resp. semi
closed) sets in a topological space (X,t) is denoted by SO(X,7)or SO(X) (resp.
SC(X,7)orSC(X)). We consider Aas a function defined on SO(X)into P(X) and
A:50(X) — P(X) is called an s-operation if V < A(V) for each non-empty semi open
set V. It is assumed that A(¢) = pand A(X) = Xfor any s-operation A.LetX be a
topological space and 1:SO(X) — P(X) be an s-operation, then a subset A of X is
called a A*-open set [9]which is equivalent to A —open set[7] and A,-open set[8] if for
each x € A there exists a semi open set U such that x € Uand A(U) < A.

The complement of a 1*-open setis said to be A*-closed. The family of all A*-open (
resp., A*-closed ) subsets of a topological space (X, t)is denoted by S0, (X, t) or
SO0,(X) (resp., SCy(X, 1) or SC(X) ).

Definition 2.1.A A*-open[9]( A -open[7], A;-open[8] ) subset A of a topological space X
is called Ag.-open [23]if for eachx € Athere exists a f-closed set F such that x € F <
A. The complement of a Ag.-open set is called A5.-closed[23]. The family of all Ag,-

open (resp., Az.-closed) subsets of a topological space (X, 7)is denotedby SO 5. (X, T) Or

SOABC(X)( resp. SCA&(X, T)or SC,—LBC(X) )[23].
We get the following results in [23]
Proposition 2.2.For a topological space X, SO ,,.(X) S S0,(X) < SO(X).
The following example shows that the converse of the above proposition may not be
true in general.
Example 2.3.Let X = {a, b, c}, and T = {¢, {a}, X}.We define an s-operation
A:50(X) — P(X)asA(A) = Aif b € Aand A(4) = X otherwise. Here, we have {a, c}
IS semi open but it is not A*-open. And also {a, b} is A*-open set but it is not 1,.-open .
Definition 2.4.An s-operation A on X is said to be s-regular which is equivalent to A -
regular [8]if for every semi open sets Uand V of x € X, there exists a semi open set
W containing x such that A(W) € A(U) n A(V).
Definition 2.5.Let A be a subset of X. Then:
(1) The Ag.-closure of A (A3.CI(A)) is the intersection of all Az.-closed sets containing
A.
(2) The Agc-interior of A (Ag.Int(A)) is the union of all A5.-open sets of X contained
in A.
Proposition 2.6.For each point x € X,x € Az Cl(A)ifand only if V N A +# ¢ for every
Ve SOABC(X) such thatx € V.
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Proposition 2.7.Let {A,}.c,be any collection of A;.-open sets in a topological space
(X, 7), then Uger Aqis a Ag-0pen set.
Proposition 2.8.Let A bean s-regular s-operation. If A and B are Ag.-open sets in X, then
A N Bis also a Az.-open set.

The proof of the following two propositions are in [24].
Proposition 2.9.Let {4, },¢;be any collection of A*-open sets in a topological space
(X, 1), then U,¢; AglS a A*-0pen set.
Proposition 2.10.Let A besemi-regular operation. If A and B are A*-open sets in X, then
A N B is also aA*-open set.
Definition 2.11.A A*-open[9]( 1 -open[7], A,-open[8] ) subset A of a topological space
X is called A, .-open if for each x € A there exists a b-closed set F such that x € F € A.
The complement of a A,.-open set is called A, .-closed. The family of all A,.-open
(resp., A,c-Closed) subsets of a topological space(X,t)is denoted by SO,, (X,7) or
50, (X)(resp. SC,, (X, T)0r SCy, (X)).
Proposition 2.12. For a topological space X, S0 ;, (X) < S0;(X) < SO(X).
Proof.Obvious.
The following example shows that the converse of the above proposition may not be true
in general.
Example 2.13.In Example 2.3, we have {a, c} is semi open but it is not A*-open. And
also {a, b} is A*-open set but it is not A,.-open .
Definition 2.14.An s-operation A on X is said to be s-regular which is equivalent to A -
regular [8] if for every semi open sets U and V of x € X, there exists a semi open set
W containing x such that A(W) € A(U) n A(V).
Definition 2.15.Let A be a subset of X. Then:
(3) The A,.-closure of A ( 1,.CL(A)) is the intersection of all 4,.-closed sets containing

A.

(4) The Ay -interior of A (Ap.Int(A)) is the union of all 4,.-open sets of Xcontained in
A.

Proposition 2.16.For each point x € X, x € 1,.Cl(A)ifand only if V N A # ¢ for every
V €S0, (X)suchthatx € V.

Proof. Obvious

Proposition 2.17.Let {A,},¢;be any collection of A, -open sets in a topological space
(X, 1), then U ¢ A,1S a 1,,.-0pen set.

Proof. Obvious
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Proposition 2.18. Let A bean s-regular s-operation. If A and B are A,.-0pen sets in

X, then A N Bis also a A, .-open set.

Proof. Obvious

3. Minimal A,.-Open Sets

Definition 3.1.Let X be a space and A X bea A,.-open set. Then A is called a minimal
Apc-open set ifg and A are the only A,.-open subsets of A.

Example 3.2. Let X = {a, b, c}, and 7 = P(X).We define an s-operation 1: SO(X) —
P(X)asA(A) = Aif A= {a,c}and A(A) = X otherwise. The A,.-0open sets are

¢, {a, c}and X.We have {a, c} is minimal A,.-open set.

Proposition 3.3.Let A be a nonempty A,.-open subset of a space X.If A € 4,.CL(C),
then 1,,.CL(A) = A4,.CL(C), for any nonempty subset C of A.

Proof.For any nonempty subset C of A,we have 1,.ClL(C) € A,.CL(A). On the other
hand, Dby supposition we see A,.Cl(A) = A,.CL(A,.CL(C))=2,.CL(C) implies
ApcCL(A) S A,,.CL(C).

Therefore we have 4,.CL(A) = 1,.CI(C) for any nonempty subset Cof A.

Proposition 3.4.Let A be a nonempty A,.-open subset of a space X.IfA,.CI(A) =
ApcCL(C), for any nonempty subset C of A, then A is a minimal A, .-open set.
Proof.Suppose that A is not a minimal A,.-open set. Then there exists a nonempty A,,.-
open set Bsuch that B € Aand hence there exists an element x € A such that x €&
B.Then we have 1,.Cl({x}) € X\ B implies that A,.Cl({x}) = 1,.CL(A).This
contradiction proves the proposition.

Remark 3.5.In the remainder of this section we suppose that A is an s—regular operation
defined on a topological space X.

Proposition 3.6.The following statements are true:

(1) If Aisaminimal A,.-opensetand B a A,.-open set. Then AN B = ¢or A € B.

(2) If B and C are minimal A,.-open sets. Then BN C = ¢or B = C.

Proof.(1) Let B be a A,.-open set such that AN B # ¢. Since A is a minimal 4,.-open
setand AN B < A, we have AN B = A. Therefore A € B.

(2) If An B # ¢, then by (1), we have B < Cand C € B. Therefore, B = C.Proposition
3.7.Let A be a minimal A,.-open set. Ifxis an element ofA,thenA € Bfor any A,.-open
neighborhoodBofx.

Proof.LetB be a A,.-open neighborhood of x such thatA ¢B. Since where A is A-
regularoperation, thenA n Bis A,.-open set such thatA N B € AandA N B # ¢.This
contradicts our assumption thatAis a minimal A,.-open set.
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Proposition 3.8.LetAbe a minimal A,.-open set. Then for any elementxofd,A =
N{ B: B is A,.-open neighborhoodofx }.
Proof.By Proposition 3.4, and the fact thatA is A,.-open neighborhood ofx,we have
A € N{B:Bis A,.-open neighborhood ofx } € A.Therefore, the result follows.
Proposition 3.9.1fAis a minimal A,.-open set inXnot containing x € X.Then for any
Apc-0pen neighborhoodCofx, eitherC N A = ¢orA € C.
Proof.SinceC is a A,.-open set, we have the result by Proposition 3.3.
Corollary 3.10.1fA is a minimal A,.-open set inX not containing x € X such thatx ¢
Alf A, = N{ B: Bis A,.-open neighborhood ofx }.TheneitherA, N A = ¢orA C A,.
Proof.IfA € B for any A,.-open neighborhoodB ofx, thenA € N{ B:B is A,.-0pen
neighborhood ofx }. ThereforeA < A,.Otherwise there exists a A,.-open neighborhood
B ofx such thatB N A = ¢.Then we haved, N A = ¢.
Corollary 3.11.1fAis a nonempty minimal A,.-open set ofX,then for a nonempty
subsetCof A, A € 4,.CL(C).
Proof.LetCbe any nonempty subset ofA.Lety € AandBbe any A,.-open neighborhood
of y. By Proposition 3.4, we haveA € BandC = AN C < B N C.Thus we haveB N C #
¢and hencey € 1,.CL(C).This implies thatA N 4,.CI(C).This completes the proof.
Combining Corollary 3.11 and Propositions 3.3 and 3.4, we have:
Theorem 3.11.Let A be a nonempty A4,.-open subset of space X. Then the following are
equivalent:
(1) A is minimal A,.-open set, where A is s-regular.
(2) For any nonempty subset C of 4,4 < 4,.CI(C).
(3) For any nonempty subset C of A, 1,.ClL(A) = A,.CL(C).
4. Finite 4,. -Open Sets
In this section, we study some properties of minimal A,.-open sets in finite A,.-open
sets and A,.-locally finite spaces.
Proposition 4.1.Let(X,t)be a topological space and¢ # Ba finite A,.-open set
InX. Then there exists at least one (finite) minimal A,.-open setA such thatA < B.
Proof.Suppose thatB is a finite A,.-open set inX. Then we have the following two
possibilities:
(1) B isaminimal A,.-open set.
(2) B is not a minimal b-open set.

In case (1), if we chooseB = A, then the proposition is proved. If the case (2) is true,
then there exists a nonempty (finite) A,.-open setB;which is properly contained
InB. IfB;is minimal A,.-open, we takeA = B,. IfB;is not a minimal A,.-open set, then
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there exists a nonempty (finite) A,.-open setB,such thatB, < B; € B.We continue this
process and have a sequence of A,.-open sets... € B, € - € B, € B; € B.SinceB is a
finite, this process will end in a finite number of steps. That is, for some natural number
k, we have a minimal A,.-open setB,such thatB, = A.Thiscompletes the proof.
Definition 4.2.A space X is said to be a A,.-locally finite space, if for eachx € Xthere
exists a finite A,.-open set A inX such thatx € A.
Corollary 4.3.LetX be a A,.-locally finite space andBa nonempty A,.-open set. Then
there exists at least one (finite) minimal A,.-open set4 such thatA S B,wherelissemi-
regular.
Proof.SinceBis a nonempty set, there exists an elementx ofB. SinceXis a A,.-locally
finite space, we have a finite A,.-open setB,such that x € B,. SinceB N B,is a finite
Apc-Open set, we get a minimal A,.-open setAsuch thatA € B N B, < B by Proposition
4.1.
Proposition 4.4. LetXbe a space and for anya € I, B,a A,.-0pen set andg # Aa finite
Apc-open set. ThenA N (N, By) 1s a finite A, .-open set, where Ais semi-regular.
Proof.We see that there exists an integer n such thatA N (N,e; Bg) = AN
(NL, Bgi)and hence we have the result.
Using Proposition 4.4, we can prove the following:
Theorem 4.5.LetXbe a space and for anya € I, B,a A,.-open set and for anyg € J, Bga
nonempty finite A,.-open set. Then(Uge; Bg) N (Nges Be)is a A,.-0pen set, where Ais
semi-regular.
5. More Properties
LetA be a nonempty finite A, .-open set. It is clear, by Proposition 3.3 and Proposition
4.1, that ifdissemi-regular, then there exists a natural numberm such
that{A4,, 4,, ..., A, }is the class of all minimal A,.-open sets inA satisfying the following
two conditions:
(1) Forany ,nwithl <t,n<mandt+n,A,NA, = ¢.
(2) If C isaminimal A,.-open setin A, then there exists ¢t with 1 € « € msuch that

C =A,.
Theorem 5.1.LetXbe a space andg # Aa finite A,.-open set such thatA is not a minimal
Apc-open set.Let{A,, A,, ..., A, }be a class of all minimal A,.-open setsinAandy € A\
(A; UA, U ..U A,,;).Defined, = N{ B: B is A,.-open neighborhood of x }.Then there
exists a natural numberk € {1,2,3, ..., m} such that4, is contained in4, wherel is
semi-regular.
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Proof.Suppose on the contrary that for any natural number k € {1,2,3, ..., m}, A;is not
contained inA,,.. By Corollary 3.7, for any minimal 4,.-open setA,inA, A, N A, = ¢. By
Proposition 4.4,¢p # A,, is a finite A,.-open set. Therefore by Proposition 4.1, there
exists a minimal A,.-open set C such thatC < A,,.SinceC < A, € Awe have Cis a
minimal A,.-open set in A.By supposition, for any minimal A,.-open setA,, we
haved, N C € A, N A, = ¢.Therefore, for any natural numberk € {1,2,3,...,m},C #
A;..This contradicts our assumption. Hence the proof.

Proposition 5.2.Let X be a space and¢ + A be a finite A,.-open set which is not a
minimal A,.-open set. Let{4,,A4,,...,4,,}be a class of all minimal A,.-open sets
indandy e A\ (4, UA, U ..UA,,). Then there exists a natural numberk €
{1,2,3,...,m}such that for any A,.-open neighborhoodB,of y,A, is contained
inB,, where A is A-regular.

Proof.This follows from Theorem 5.1, as N{ B: B is 4,.-open of y } € B,.Hence the
proof.

Theorem 5.3.Let X be a space and¢ # A be a finite 4, .-open set which is not a minimal
Aqc-Open set. Let {4,,4,,...,A,,} be the class of all minimal A,.-open sets in Aand
y€A\ (A4, UA, U ..UA,,).Then there exists a natural numberk € {1,2,3, ..., m}, such
that y € 1,.CIL(Ay).where A is A-regular.

Proof.lt follows from Proposition 5.2, that there exists a natural numberk €
{1,2,3,...,m}such that4, < Bfor any A,.-open neighborhoodB ofy. Therefore ¢ +
A, N A, € A, N Bimpliesy € 4,.ClL(A,).This completes theproof.

Proposition 5.4.Let¢ + Abe a finite A,.-open set in a spaceX and for each k €
{1,2,3,...,m}, A, is aminimal A,.-open sets in A. If the class{4,, A,, ..., A,,,} contains all
minimal A,.-open sets in 4, then for any¢ # B, € Ay, A S A4,.Cl(ByUB, UB3 U ...U
B,,), where 1 issemi-regular.

Proof.If A isa minimal A,.-open set, then this is the result of Theorem 3.11 (2).
Otherwise, whenA is not a minimal 4,.-open set. If x is any element ofA \

(A; UA, U ..U A,,),then by Theorem 5.3, x € 4,.Cl(A;) U A,.Cl(A;) U ....U
ApcClL(A,,). Therefore, by Theorem 3.11 (3), we obtain thatA € A,.Cl(A;) U
ApcClL(A5) U ....U A4,.Cl(A,,) = Ap.Cl(B;) U A,.CL(B,) VU ....U 1,.Cl(B,,) =
ApcCl(By UB, UB3 U ...UB,,).

Proposition 5.5.Let¢p + Abe a finite A,.-open set and A,is a minimal A,.-open set
in4, for each k € {1,2,3, ..., m}.If for any¢ # B, < Ay, A € 1,.Cl(BUB,UB3; U ..U
B, )then A,.Cl(A) = A,.Cl(B; UB, UB3 U ..UBy).
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Proof.For any¢ # B, € A,withk € {1,2,3,..., m}, we have 4,.Cl(B; UB, UB3; U ...U

B,) S A,.Cl(A).Also, we have ApcClL(A) € A,.Cl(B;) U A,.Cl(B,) U ....U

ApcCl(B,,) = Ap.Cl(B; UB, UB3; U ...UB,,).Therefore, 1,.Cl(A) = A,.Cl(B; U

B, U B; U ...U B,,,) for any nonempty subset B, 0fA,with k € {1,2,3, ..., m}.

Proposition 5.6.Let¢ + Abe a finite 1,.-open set and for each k € {1,2,3, ..., m}, Ajis

aminimal A,.-open set in A. If for any¢p #+ B), € Ay, 1,.Cl(A) = A,.Cl(B; UB, U

B; U ..U B,,), then the class {4, A,, ..., A,,} contains all minimal A,.-open sets in A.

Proof.Suppose that Cis a minimal A,.-open set in Aand C # Aifor k€

{1,2,3,..., m}.Then we have C n A,.Cl(4;) = ¢for eachk € {1,2,3, ..., m}.It follows

that any element of Cis not contained inA,.Cl(A; UA, U ..UA,).Thisis a

contradiction to the fact that ¢ € A < 4,.Cl(A) = A,.Cl(ByUB,UB3; U ..UB,,).

This completes the proof.

Combining Propositions 5.4, 5.5 and 5.6, we have the following theorem:

Theorem 5.7.LetA be a nonempty finite A,.-open set and A, a minimal A,.-open set in

A for eachk € {1,2,3, ..., m}. Then the following three conditions are equivalent:

(1) The class {44, A,, ..., A,;,;} contains all minimal A,.-open sets in A.

(2) Forany ¢ # By, € Ay, A< A,.Cl(BLUB,UB3U ..UB,).

(3) Foranyg # By, € Ay, A,.Cl(A) = A,.Cl(B, UB, UB3; U ...UB,,), whereA is semi-

regular.
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