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Generalization of (0,2,5)Lacunary interpolation by sixtic splines
on uniform meshes
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Abstract:

Spline functions are the best tool of polynomials used as the basic means of approximation
theory in nearly all areas of numerical analysis. Also in the problem of interpolation by g-spline
construction of spline, existences, uniqueness and error bounds needed.

In this study, we generalized (0,2,5) Lacunary interpolation by sixtic spline on uniform
meshes. The results obtained, the existence uniqueness and error bounds for generalize (0, 2, 5)
Lacunary interpolation by sixtic spline. These generalize are preferable to interpolation by sixtic
spline to the use (0, 2, 5).

Introduction:

Spline functions are the best tool of polynomials used as the basic means of approximation
theory in nearly all areas of numerical analysis. One uses polynomial for approximation because
they can be evaluated, differentiated and integrated easily and in finitely many steps using the
basic arithmetic operations of addition, subtraction, division and multiplication. Spline functions
constitute a relativity new subject in analysis. During the past twentieth both the theories of
splines and experiences with their use in numerical analysis have under gone a considerable
degree of development. The following works deal to various degree with the theory and
application of splines, (Ahlberg et al., 1967). In addition to the papers mentioned above dealing
with best interpolation or approximation by splines, There were also a few papers that deal with
constructive properties of space of spline interpolation (Kanth et al., 2006; Khan and Aziz, 2003;
Siddigi et al., 2007). In this study we studied the generalization of one type of Lacunary
interpolation by sixtic spline this type is (0,2,5).Also in the future we can use the same idea for
different Lacunary interpolation that means we can generalities for different cases in the
subjected Lacunary interpolation by spline .We have Hermite interpolation if for each i, the order
j of derivatives in (1) from unbroken Sequence. If some of the sequences are broken, we have
Lacunary interpolation. The Lacunary interpolation problem, which we have investigated in this
study, consists in finding the six degree spline S(x), interpolating data given on the function
value and fourth order in the interval [0,1]. Also, an extra initial condition is prescribed on the
first derivative.

This study is organized as follows: First consider the spline function of degree six is
presented which interpolates the Lacunary data (0,2,5). Some theoretical results about existence,
uniqueness and error bounds of the spline function of degree six are introduced and also
convergence analysis is studied. To demonstrate the convergence of the prescribed Lacunary
spline function.
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1.2 Descriptions of the Method:

In this section , We present for the first time according to our knowledge a six degree spline
(0,2,5) interpolation for one dimensional and given sufficiently smooth function f(x) ,defined on
i =[0,1] and:

PP(x) =ay;,i=12,..,n;j=012,..,n 1)

We have Hermite interpolation if for each i, the order j of derivatives in (1) from unbroken

Sequence. If some of the sequences are broken, we have Lacunary interpolation:
A O=xo<x; < <x,=1
Denote the uniform partition of i with knots: x; =ih whereh=x;,; —%; i=12,..,n—1

We define the class of spline function S where S7 g denotes the class of all splines of

degree six which belongs to €?[0,1], and n is the number of knots , as follow :
Any element Sp(x) € SZ ¢ if the following two conditions are satisfied:
(i) Sa(x) € C?[0,1]

(i) Sp(x) is a polynomial of degree six in each [x;, x;+4],i =0,1,... ,n—1

)
Construction of the Lacunary sixtic Spline Function:
If S(x) isapolynomial of degree six on [0,1], then we have
S(x) = $3(0)A40(t) + S (DAL (6) + S2(1)A2(8) + S3(0)A3(1) + S (DAL +
Si (DAs() + S (A1), ©)

Where 4 €(0,1)

(6X+31—1) , 6(6A+31—1) _ 3(0A*+2003-51+1),
TSN — 15+ 400 T 158+ 42 A(SN - 150+ 41
2(152° 4+ 452* + 10A° — 154+ 1) ,3(151*+ 52— 61 + 2) ,
A(152% — 1523 + 422) T - 1508+ a2

Ay(D) =

3(152%+523-62+2)
15A%— 15 A3+ 422

t2 4+ 1,
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(622—61+1) 6 4 6(6A2-61+1) 5

A () =
1() A(—15A7+ 60A6— 94 A5+ 72 A%— 27 A3+ 4 A2) —15A7+ 60A6— 94 A5+ 72 A%— 27 A3+ 4 A2

3(15A*—18A%+8A—1) 2 (45A*— 5423+ 1222+ 34— 1)

t* t3 —
A(—15A7+60A6—94 A5+ 72 A%— 27 A3+ 4 A2) + A(—15A7+60A6—94 A5+ 72 A%— 27 A3+ 42A2)
3(1523- 2422+ 121 - 2) P
—15A74+ 60A6—94 A5+ 72 A4—27 A3+ 422 "’
A, = (622- 1521+ 8) 6 6(623-1512+82) £5 4
2 15 15— 60 A4+ 94 13— 72 A2+ 27 A — 4 1525— 60 A%+ 94 23— 72 A2+ 27 A — 4
12 (52*—1023+51—-1) 4 10 (-3A5+16A3-1512+3 1) £3
15A5— 60 A%+ 94 13— 72 A2+ 27 1 — 4 15A5— 60 A%+ 94 13— 7212+ 271 — 4

3(-152°+402*-302%+622) 5
15A5—- 6014+ 94 23— 72 A2+ 271 -4 '’

ALD (BAr-1) . 6(3A—1) s (B0 + 102 — 151 + 3) ,
e A(15A3 — 1522+ 42) 1523 — 1522 + 42 A(15A3 — 1522+ 42)
(152*+4523-302°+2) 3 6(52%°-31+1) 21t
A(15A3—15A2+42) 15A3— 1522+ 42 ’
A, () = — (31-2) 6 _ 6(21-322) 5 2 (-152%3+5 2245 1-1) £
AN T 152445 23449 1223 A+4 15 14—45 A3+49 12-23 A+4 15 A1%—4523+49 A2-23 A+4
5(34*+323-54%+ 1) 3 3(52*-52%+ 22) 5
15 A4—45 13+49 A2-23 A+4 15 14-45 A3+4912-23 A+4 '
_ 1 6 3 5 (542410 1-3) 4
As (8) = 2 A (15 A3-30 A2+19 1—-4) e 15A3-3012+19 1-4 24 (15A3-30 A2+19 1-4) e
(522+2-1) 3 _ (51-2) 2
A(15A3-30 A2+19 1-4) 30 A3-60 A2+381-8 '
Ag(D) = (22-1) £6 _ (92243 21-4) 5 (=54°-152°+64+2) 4
637 ™ 900 12-900 1+240 1800 12—1800 A+480 1800 12—1800 A+480
(1023+342-54) 3 (322-523) +2
1800 A2—-1800 1+480 1800 12-1800 1+480 '’

(4)
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For later references we note that:

6(154*+ 523- 61 + 2) 6(1543-522-51+ 1)(A - 1)?

1 — " —
Ao (0) = A2(15A2— 154+ 4) ' Ao (1) A3(15A2— 151 + 4) '
A7(0) = 6(15A3- 2442+ 121 - 2) AT(1) = 6(1543-214%2+ 91 - 1)
1 T 22(1522—- 154+ 4)(A—-1)3 ' 1 T A3(1542- 154+ 4) (A — 1)2
6A%(1513— 4042+ 301 -6 6(151%— 6513+ 1051%2— 691 + 16
45(0) = =L ) a3 = -2 )

(1522—- 152+ 4)(A-1)3 ' (1542— 151 + 4)(1 — 1)2 !

12(543- 31+ 1)

A30) = - Az (1) =

A(15A%2—- 151+ 4)

6(54%2- 51+ 1)(1 — 1)?
A2(15A02- 154 +4) '

64%(5A%2- 51+ 1) 12(5/’13 1522+ 124 - 3)

4 (0) = - (1542- 154+ 4)(A - 1)2 ' 4, (1) = -1)(1542- 151 +4) '

7(0) = — 512 Py = — S8
A5 (0) - (/1_1)(15/12_ 151 + 4) ! A5 (1) - /1(15/12— 151 + 4) '

meay . AM(GA=-3) meqy — _(GA=2)A-1)?

(0) = 60(1512— 151 + 4) '’ As(1) = 60(1512— 151 + 4) '

A(6)(O) _ A(G)(l) _ _ _720(6A*+32-1)

0 — o T A(15A%—15A3+422) "’

6) (6 _ 120(6 A2— 61 + 1)
AT (@) =471 = A(= 1527+ 60 A6— 94 A5+ 72 14— 27 A3+ 422) '

(6) G _ (642—151+8)
A2 0= AZ = 15A5— 60 A4+ 94 13— 72 12+ 27 1 — 4’

© ey — 46 1) — _ Br-1)
A3 0) = A3 (1) = A(15A3—-15A2+42) "’

(6) _A(6) _ (31-2)
Ay () =4,"(D) = 15 A%—45 13+49 12-23 A+4’

(6) _ 2(6) — _ 1
As (0) _AS (1= 22(1523-3012+191-4) '

(6) _A(6) _ (24-1)
Ag(0) =4~ = 900 A2-900 A1+240 '

®)
For f € C°[0,1],we have the following expansions on [x;, x;,4]
( ) " ( ) " ( ) 4)

f(x) - f(xl) + (x - xl)f (xl) t— f ( l) t+— f ( 1) +t— f (xl) +

( - i)s ( - i)6
=P + %f@(e)), for x <6 <x;,
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fxiz1) = fQx) + (o —x)f (%) + %f”(xi) + Mf’”( i)+

4 It ) () S22 60 ) + S22 £O) (g, ), for iy < 614 < %

i) = FG) = hf () + 2 () = 2 7 0e) + 5 f @ () = L O () + 2 £O(,),

for Xi—q < 91'1' < Xi,

fxien) = FQ) + hf' () + = f"(xl)+ f"'(xl)+ f<4>(x>+ f<5)(xl)+ f("’)(@zl)
for X < 92'1' < Xit1s

_ 2 2 A1— 3 3
fxio142) = f(x) +(/1—1)hf’(xi)+¥f”( i)+ Lf”’( i)+

(A- 1) h* (A- 1) hS (A- 1) h®

f(4)( 1) +t— f(S)( 1) +— f(6)(031) fOI’ Xi < 031 < Xi—1421s

2h2 A3h /15}7.5
Ftia) = G + ARF () + S 7 Ge) + 55 7 () D+ OO0 +
A8h6 (6)
Tf (94,1'), for X < 94‘1' < Xig s
(1 —1)2h2

(A —1)3R3
3!

f"Gim142) = f7) + (A= Dhf" () + Tf(‘” (x;) + fO ) +

Mf(e)(esl) for x; < O0s; < xi_142,

£ Qi) = £ 0 + A () + 2 fO ) + 2 O () + 2L 1O (5,
forx; < 0g; < xi42.

FOi142) = FO) + A= DhfF©(6,,), for x; < 0;; < xi_142,

FO (i) = FO ) + ARf©O(8g,), for x; < Og; < X142,

/i) = £100) = hf () + 2 £ () =2 f @ () + 2 O () — 2 £ (65,),
forx;_; <6y; <x;,

F/Gir) = £/G0) + RF )+ 7 Ge) + 2 F P ) + 2 O () + 2 £ (8y,),

for x; < 610,i < Xit+1, (6)
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1.3 Existences and Uniqueness Theorems:

In this section, the existence and uniqueness theorem for spline function of degree six which

interpolate the Lacunary data (0, 2, 5) is presented and examined.

Theorem 1: New Existence and Uniqueness of the Spline Function

For given arbitrary numbers £(x;), f™(x;42),i =0,1,... ,n—1; r =0,2,5
and " (x,), f" (x,), There exists a unique spline S, (x) € SZ¢
such that :

S (x)=f(x),i=01..n-1

S, (x,,)=f7(x,,),i=0L...,n-Lr=025,

Sp(%e) = (%), Sp(%,) = F7(x,) .
()

Theorem 2:

Let f(x) € C®[0,1] and S,(x) € Sis be a unique spline satisfying the conditions of

Theorem 1, then

s - FO@|| < Kk mtwr®; 2y 5 r =0,1,2,3,45

1
Where m = -

1
K =
10800A2(1542 — 151 + 4)(3046 — 9015 + 110A* — 7043 + 2742 — 71 + 1)(X — 1)?

(2025011 — 114150413 + 339000112 — 635430111 + 778215410 — 6044051° + 24516078
+ 3492017 — 1261801° + 9608645 — 425871% + 1102143 — 112942 — 13521
+33)
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Proof of the theorem 1:
The proof depends on the following representations of S,,(x),

forx; <x<x;,,i=0,1,..,m—1, we have

Sp(x) = f (x4 (x ;lx") + (i) A (x ;xi) + £ (i) Az (t ad ;x") + RS! (%) As (x ;xi)
+ RS{ (Xi11)Aq (x ;x") + R (x4 2) As (x ;xi) RSO () A (x ;xi)
8
On using equation (8) and the conditions
S,(0)=1"(0),S; M) = f"Q). 9)

We see that S,,(x) as given by (8) satisfies (2) and is sixtic in [Xi ) Xi+1] ,i=0, 1, ...,m-1. We also
need to show that whether it is possible to determine S, (X;),i=1,2,...,m —1 uniquely. For

this purpose we use the fact that S,,(x) € €?[0,1] and therefore the conditions:
S'(x,) =S/(x_),1=12,..m-1 (10)
Where S7(x,)=lim _ . S7(x), and S7(x_)=lm _ _S7(x),

with the help of (8) and (9) reduced to
6A(512 =51 +1)(A —1)° h S/ (x;_1) + A2(1—1)?(120 A* — 240 23 + 108 12 + 12 1 — 12)
hS!(x) + 6A5(2 — 1)(54%2 — 51 + 1)hS/! (x;41) = —6(1523 — 512 =514+ 1)(A — 1)5f (x;_1)
+122A = 1)(— 2025 +50A* —34 3+ A2+ 51 — 1)f(x;) + 645(1523 — 4042 + 301 — 6)
f(xip1) — 6(A — 1)(1523 = 2122 + 92 — 1) f(xj_142) + 6A(1523 — 2422 + 1214 — 2)f (x;42)
+22(A = 1354 = 3)R* " (xi—142) — 224 = D?(54 = 2)R* "' (xi42)

1 1
— o5 GA=2DBA= DR fOxi142) + 55— 1352 = R3O (x4

for i=12,...m-1 (11)
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Equation (11) is a strictly tri-diagonal dominant system which has a unique solution. Thus

S/ (x),i=1,2,..., m-1 can be obtained uniquely by the system (11) which established Theorem 1.

1.4. Convergence and Error Bounds:
In this section, the upper bounds for errors studied first help the results of the following:

Lemma 1:

Let us write B, =|S;(x,)— f'(x;)| , thenfor T € C°[0,1] , we have

2221-1)(224%2-24+1)(522-51+1) hS ( (6) 1) :
max B; < (30 16— 90 45+ 110 1"~ 70 34 27 42— 7 A+ 1) 5! wif o i=12,

Where 4 €(0,1)

Proof:
From (6) and (11)

(S{(xi—1) = f'(xi=1))A + (S{(x) — f'(x)) B + (S{ (xi1) — ' (xi41)) € = (S{(x;—1)A + S{ (x;)B +

Si(xi4+1)C) — (f'(xim DA+ f'(x)B + f'(x141)C) = —% [f(xi—1) (90 2% — 480 A7 + 1020 A° —
1044 25 + 420 2* + 120 23 — 180 22 + 604 — 6) — f(x;) (— 240 A7 + 840 A° — 1008 2° +

420 0%+ 4823 — 7222 + 122) — f(x;41) (90 28 — 240 27 + 180 A6 — 36 15) +

flxi—142) (902* — 21623 + 18012 — 604 + 6) — f(x;41) (90 A% — 14423 + 7222 — 122) —

h2 " (xy_1a2) (546 — 1825 + 24 2% — 1423 + 322) + K2 (x;4,) (546 — 1225+ 9% — 2 23) +
5£(5) (. A9 a7 725 34°% A BN use(s),. (A 320 247 7A% L A\] _

h>f> (Xi-142) (12 20 T A s T2 1 +30) h>f (xiea) (12 0 TS 30 +20)]

—(f'(xi—)DA+ f'(x)B + f'(x41)C)

= (—%) ((9018— 480 17 + 1020 A6 — 1044 15 + 420 2% + 120 13 — 180 12+ 604 — 6) —
(=240 17 + 840 15 — 1008 A5 + 420 A% + 48 43 — 7222 + 12 1) — (90 A8 — 240 27 + 180 A6 —
36 15) + (90 4* — 216 A3 + 18042 — 604 + 6) — (90 A* — 144 A3 + 72 A% — 12 A))f(xi)
+<(—%) (—h(90 28— 480 17 + 1020 16 — 1044 15 + 420 A* + 12013 — 18042 + 601 — 6) —
h(90 28 — 240 A7 + 180 15 — 36 45) + (1 — 1)h(90 A* — 216 13 + 18012 — 601 + 6) —

AR(90 A% — 144 3 + 7222 — 12 /1)) — (3018 — 18017 + 456 15 — 630 A5 + 510 1% — 240 A3 +
6012 — 61)— (12018 — 48017 + 708 1% — 444 25+ 72 2%+ 3613 — 121%) — (3018 —
6017 + 36 1° — 6/15))f’(xl-)
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+<(——)< (90 18 — 480 A7 + 1020 A — 1044 25 + 420 A* + 12023 — 18012 + 604 — 6) —

(A- 1)h

2
%(9018— 240 17 + 180 1° — 36 15) + 22 (90 14 — 21623 + 18012 — 604 + 6) —

23,2
’12—’}(9014— 144 23 + 72 A2 — 12/1)—h2(5/16— 1854+ 24 2% — 14 23 + 312) + h2(5 16 —

1225+ 9% — 2/13)>+h(30/18— 18017 + 456 2° — 630 2% + 510 A* — 240 A3 + 60 A% —

61)—h(3B0A8— 601" + 361°— 6 AS)>f”(xi)

3
+<(—%) <—%(90/18— 480 17 + 1020 A6 — 1044 15 + 420 1% + 12023 — 180 12 + 601 — 6) —

(A- 1)h

3
%(90/18— 24017 + 1801° — 36 %) + ——=—(90 A* — 21613+ 18012 — 601 + 6) —

%(90/14— 144 2% + 72 2% - 12/1)—h2(/1—1)h(5/16— 18245+ 242* - 1423+ 32%) +

2
h2Ah(52° — 1225+ 9A* — 2/'13))—%(30/18— 180 17 + 456 1° — 630 2> + 510 A* — 240 A3 +

6012 — 61) — 2 (302° — 6047 + 3626 - 6/15))f”’(xi)

+<(‘Z)< (90 28 — 480 27 + 1020 A° — 1044 15 + 420 2* + 120 2% — 180 A2+ 601 — 6) —

(A- 1)h

1—7(9018— 240 17 + 18016 — 36 5) + 222 (90 14 — 21623 + 18012 — 601 + 6) —

LI (90 2% — 144 2% + 722 12/1)—h2%(5/16— 1825+ 2424 — 142% + 322 +

22 3
2/12_}'1(5/16_ 12254+ 9214 — 2,13)>+%(30,18— 180 27 + 456 A° — 630 15 + 510 A* —

3
24034+ 6012 — 61) —%(30 28— 6017+ 361° — 6/15))f(4)(xi)

5
+<(—%) <—%(90/18— 48017 + 1020 2° — 1044 25 + 420 2* + 12023 — 180 A% + 601 — 6) —

(1- 1)h

5
%(9018— 240 17 + 180 16 — 36 15) + 222 (90 24 — 21623 + 18012 — 604 + 6) —

5
21(902* — 14423 + 7222 — 121)—h2%(5/16— 1825+ 24 2% — 1423 + 320 +

9 8 6 5 4 3 9 8
h2“(5/16—12/15+ 9t — 22 +h (- V- L) s (222
12 20 6 4 4 30 12 10

207 725 2 8 7 6 5 4 3 2
T‘XJ“%) —5(30/1 — 18017 + 456 1 — 630 A5 + 510 1% — 240 23 + 6012 — 6 1) —

’;—7(30 A8—601"4+ 361°— 6 AS)>f(5)(xi)
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5
+%<§(90,18— 480 7 + 1020 2° — 1044 25 + 420 A* + 12023 — 18012+ 604 —

6)f((61,) — (90 2% — 240 27 + 180 2° — 36 25)1©)(0,,;) + —(1‘6”6 (90 2* — 216 13 + 180 A% —
601 + 6)f©(0;;) — %(90 A= 14423+ 7222 — 12 )f©(6,;) —5(A - 1D*(521°— 1825 +
242% — 1423 + 321)f©(05;) +52*(52° — 1225+ 92— 223)fO(g,,) + 5! (A — 1) (% -
9A° L g7 _TA 3 A BN o) _ 2328 247 72% L A% (e

20 + 4 e T2 4+30)f (97"') 5M(12 0 TS _E-I_%)f (961)-'_

(3045 — 18017 + 456 1° — 63025 + 510 A% — 240 23 + 6022 — 6 1)f©(8y;) — (30 25 —

6017 + 3615 — 6 As)f(é)(elo'i)>

<-12222 - DA - DEAZ- 22+ DG2- 51+ DEw (r©; 1),

So we have

222-1)(222-22+1)(542-51+1) hS 6).1

’ Y < h> ( )
maX|S (x) f (x)| ~ (30A6—90A5+110A4-70A3+2712—-721+1) 5! uW f m)’

Where || <1i=12,.,m-1
The result (12) follows on using the property of diagonal dominant.

Lemma 2:

Let f €C°[0,] then

12(22-1)%(222-24+1)(322-31+1)(54°-51+1) % (f(@' 1)
1)2(1522- 151+ 4)(30 16— 90 15+ 110 A4— 70 A3+ 27 A2—7 A + 1) "m

5
|59 G = FO ()| < 75

(13)
v N £5) (v 222-12(222-22+1)(3A2-32+1)(522-51+1) 6). 1
|S” Crivn) = f 0] < A2(A1—1)(1522— 151+ 4)(30 16— 90 A5+ 110 14— 70 A3+ 27 12— 7 A + 1) hw (f ’m)
(14)
5 1
|58 Gri) = FO )| < anw (795 ) (15)

4 4
|55 (i) = B )| <
(42-2)(222-22+1)(52%2- 52+ 1)(10 25— 25 2*+ 30 13- 20 1%+ 7/1—1)h_2W (f(ﬁ).i)
522(A—1)2(154%2- 152+ 4)(30 15— 90 A5+ 110 A*— 70 A3+ 27 12— 71 + 1) 2! "m

(16)
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|S)§3)(xi+/’l) - f(3)(xi+/1)| <

[312 (42-2)(222-22+1)(52%2-52+1)(152°- 4525+ 651*— 5513+ 28 12— 81+ 1) h W( (). 1)
10 A2(1— 1)2(15 A2— 15 A + 4)(30 16— 90 A5+ 110 14— 70 A3+ 27 A2— 74+ 1) | 31 f
(17)
, o (4/1—2)(2,12—2,1+1)(5/12—5,1+1)(6/14—12/13+15/12—9,1+2)h_5 6). 1
1S3Ceie2) — 1 ()| < 6(15A2— 151 + 4)(30A6— 90A5+ 1104%— 7043+ 27A2— 71 + 1) SIW(f ’ )
(18)
ors 4(/1+1)(15 A3- 4/1+1) ©, 1
|Sn (xl) A2(15 22— 15 1+ 4) W(f ) (19)
and
(6) 224+ 1)(1522-7) 6). 1
|S (xl+1)|—(15/12 152+ 4)(A — 1)2hW(f ’m) (20)
Proof:

From (5),(6) and (8) we have:
R3S () = F)AS (0) + f (i A (0) + f (xi41) AT (0) + hS; (x) A5 (0)
+ RS0 )AL (0) + B2 (i) A5V (0) + h3F O (xi ) AG (0)
Hence

B (552G = FOGD) = FEDAP ) + F (s DA (0) + £ Cxi AT (0) + hAP (O[] () -

Fre] + RAD (0[S (xip1) — £/ (e )] + W2 (i DAL (0) + R F O (i, ) AP (0) — W3 F O () +
hAS (0)f' (x;) + hAD (0)f' (xi41)

=[22 O (844D (0) + 2 £ (6,45 (0) + 21 £ (66, )12 A5 (0) + Ahf © (6654 (0) +

O (610,) hAEP(O)] +hA§5>(0)[sA<xi> — G + hAZ (O[S} (xiv1) = f1 Cerrn)]

< e[S AP (0) + 240 (0) + 240 (0) + 24D (0) + L 4P )| w (£ 2)

(5) (5) 222-1)(222-22+1)(52°-51+1) h6 ®). 1
+[A3 (0)+ 4, (0)] (30 46— 90 25+ 110 2%~ 70 A3+ 27 A2 74+ 1) 5! (f )

_ 1440 (24 - 1%(222-221+1)(322-321+1)(54%°- 51+ 1) h6o< W(f(6)'1)
T A(A-1)2(15A2- 151+ 4)(30 45— 90 A5+ 110 24— 70 23+ 27 22— 71 +1) 5! 2 "m

where |¢,| <1
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By using (12),we get (13).The proofs of (14)-(20) are similar ,and we only mention that

RS (xip1) = FODASD (1) + F )AL (1) + F(xi01)AS (1) + hS; (x) AT (1) +
hS; (e DAT (1) + W2 (e DA (1) + RSO (x40 AP (1)

R3S (xi42) = DA (D) + F i DAL () + £ ) AT (D) + hS)(x) A () +
hS; (s DA () + R2F" (e DA () + b3 F O (i ) AP (D)

RS (xi42) = FODASY (D) + F i DAL () + i) AP ) + 1) (x) AP () +
hS; ()AL () + REF (i AP (D) + RO F O (x4 )AL ()

R3S (xi42) = FODAP (D) + F i DAL () + i) AT () + kS (x) AP (1) +
hSy ()AL ) + R2F" (e DAP () + b5 F O (i ) AP ()

hS;(xir2) = Fc)AGD) + £ Ceip )AL + £ Crin1) A5 (D) + hS; (x) A5 (D) + hSj (xi141) A4 (D)
+ h2f" (x4 ) A5(A) + RS F O (x;1 ) AL (D),

h8S @ (x) = F)AP(0) + F(xi: )AL (0) + F(xi1 )AL (0) + hS;(x) A (0) +
hS; (s )AL (0) + h2F" (i DA (0) + WS F O (x40 A% (0

h8S® (xip1) = FDAL (D) + F e AP (D) + F i DAL (1) + hS;(x) AL (1) +
hS; ()AL () + R2F" (i DAP (1) + WO (x )AL (1)
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Proof of the Theorem 2:

For 0 <y <1, we obtain

A(Y)+AY)+A(Y) =1 (21)

Let X; < X< X;,,onusing (21) and (8) we get

S @0 - FOX) = (5,2 (%)~ f <5>(x))AD( 55 (8,9 (%,,4) -

(S0 (%1) — f ‘5><x>)Az< 2 108, @ (x) A () 1S, @ () A (C )
=B, +E,+E;+E, +E (22)
From (4) it follows that:
B = (5P @) = FO00) Ao (52) = (s(x) — FO ) — (x = )@ (0110 Ao (52)
A ()<L |AMX)[<L and [A/(X)|<L on 0<x<1
Since fOX)=fOx)+(x-x%)f@(G,,), Where x, <0, <X,

Therefore, on using (13) and  [x—X;| <h. We obtain

1222-D2(22%-22+1)(34°-32+1)(54°-51+1) ©).1
x| < [,1 (A—-12(152°- 152+ 4)(30 1°- 90 2°+ 110 2"~ 70 *+ 27 A~ 71+ 1) +1| AW (f 'n_a)

(23) Similarly,

Es = [s© () = FO 04, (5

i)

= [s9 Geian) = FO ) = (= x)fF O (O110] 45 (5 ;xi)

222-1)2(242-22+1)(342-32+1)(542-51+1)
A2(A-1)(15A2— 151 +4)(30 16— 90 A5+ 110 A4— 70 A3+ 27 22— 721+ 1)

|Es| < | +1|aw (r©@;2)  (24)
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and

By = [s9Ce) - FO@]s ()

= [s9Gean) = FO ) = (x = x)fF O Or10; (5 ;xi)

Bzl < hG+ D)W (f©;-) (25)

E, = hS® (x)A;(t)

IE,| <4(,1+1)(15 2B-4 Hl)hW(f(@;%) (26)

= 2*(15 2%-15 2+4)

Es = h5,§6) (xi41)A4 (D).

22+ 1)(15 22-7) 6). 1
|Es] < (1522-152+4)(2 - 1)? hw (f ’m) (27)

Therefore by using (23)-(27) and putting in (22) we obtain

By _ £05) |< L
S () - )| = 22(1522-152+4)(30 2°~ 90 2°+ 110 2*~ 70 >+ 27 22~ 71+ 1) (A — 1)?

1350 22 — 9930 A" + 20310 2'° — 20005 2° + 7855 1% + 441917 — 8626 A° +
645925 — 29352% + 7952° — 942% — 62 + 2]hW (F©;-) (28)

[450 4" +

This proves Theorem 2 for r=5. To Prove the Theorem 2 for r=4:
and using (16) and (28) we obtain

since
S (x)— @ (x) = ] (ST @) - FOM))dt+S(x,,) - F O (x.,).

h2
(1522 — 151 + 4)(3016 — 9015 + 1102* — 7043 + 2722 — 74 + DA — 1)?

R A

(2250213 + 67504'* — 496504 + 1019504'° — 1020254° + 440554° +
1497517 — 358801° + 270652° — 119891* + 30132% — 2422 — 621 + 12)

w(r©;2) (29)

673 | acadj@garmian.edu.krd Conference Paper (July, 2017)




Ol 38 Al ddowe Journal of Garmian University ety dS S35 &yl83S

which proves Theorem 2 for r=4. To Prove the Theorem 2 for r=3:
and using (17) and (29) we obtain

Since

SO(X) - FOX)= [(S M) — F9(E©)dt+SP(x.,)— FI(x.,).

i+

h3

S®) - FO )| <
| () = £ )l 30/12(15,12— 15/1+4)(30/16— 902°+ 1102* = 7023+ 272°— 74 + 1)(,1—1)2

(6750,114 -

382501 + 1143001'% — 2158504 + 267325211° — 2122652° +
9235518 + 399017 — 380751° + 305671° — 13839A* + 36224° —

1
3732% — 451 + 11) W (15 ) (30)

Which proves Theorem 2 for r=3. To prove Theorem 2 for r=2,

since SP(x.,,)— f@(x.,)=0and using (30)

S100— £7(x) = (S - 1O M) dt+S(x.)~ F"(x..).

i+

h4—
120/12(15,12— 151 + 4)(3016— 904°+ 1104*— 7043+ 274°— 74 + 1)(/1 —1)2

ISP @) - FP )| < (67502 —

382501 + 114300112 — 2158504 + 267325211 — 2122651° + 9235518 +
399017 — 380751% + 305671° — 138391* + 362213 — 3731% — 451 + 11)

(6.1
Which proves Theorem 2 for r=2. To prove Theorem 2 for r=1,
On using (18) and (31) we obtain

since

510 - /()= (521 - f P M)dt+8] (%)~ F'(x..).

Xisa
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5
h
1800,12(15,12— 151+ 4)(30,16— 902°+ 1104*— 7023+ 272%— 72 + 1)(,1 —1)2

1S'(x) = ()] < (202502 -

1141501 + 3390001 — 6354301 + 7782151'° — 6044052° +
2451601% + 3492017 — 1261801° + 960861° — 425871* + 110212° —

1
11294% - 1351 + 33)w (£;2) (32)

Which proves Theorem 2 for r=1. To prove Theorem 2 for r=0,
since S, ()~ F(x)= [(S]() - F'(©)dt+S, (x.,) - F(x..).
S, (x,,)— f(x.,)=0 and using (32)

h6

S - <
ISC) = FOI = 1580022 (1522 = 151 + 4) (307 — 9075 + 1104 — 700 + 27— 74 + (A = 1?

(202504 — 11415023 + 339000A'% — 6354304t + 778215A1° — 6044052° +
24516018 + 3492017 — 1261801° + 960864° — 425871* + 1102113 — 112912 —

1352 +33)W (£(©;2) (33)

Conclusion:

These generalize are prefer to interpolation by sixtic spline on uniform meshes to the use
(0,2,5).We also can use this idea to generalize for different Lacunary type for example (0,1,3),
(0,2,3),...etc.
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