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Abstract

In this paper, based on [y*,y**]-level converges some important results on
fuzzy series of generalized rectangular valued bounded closed complex
complement normalized fuzzy numbers are proved.
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1. Introduction, Definitions and Notations

It is known that the concept of fuzzy complex analysis was first considered by
Buckley and Qu [1] which is used the definition of the derivative of a fuzzy
function, which maps the open interval (a, b) into the fuzzy subset of the real F(R)
in [5], to generalize a fuzzy function maps (a, b) into the set of fuzzy subsets of the
complex case F(C). Buckley in [2] defined a metric on the set of complex fuzzy
numbers to provide the necessary background and allowed us to discuss
continuities, convergences, and differentiation of complex fuzzy function [3, 8, 13-
18, 24]. In view of [2], Guangquan [7] discussed the limit theory of the sequence of
fuzzy complex numbers in detail, giving some results about limit theory, which are
the counterparts of well-known results valid for real numbers in classical
mathematics analysis. Buckley’s work consummate continued research and
scholars did many works about the set of complex fuzzy sets that extensively
studied fuzzy analysis such as [6, 9, 11, 19, 23].

Zadeh [20] defined fuzzy set A on the universal set X, which is a mapping
wi(x) : X - [0,1]. He defined the strong a—cut **A4, the weak a—cut, “"A4, the
height, a7***, and the core, core(4) of the fuzzy set 4, respectively, as the non-
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fuzzy set of all elements of the universal set X that belongs to the fuzzy set 4 at
least to the degree a € [0,1]; the ordinary set that contains all elements of the
universal set whose membership grades in the given set are greater than but do not
include the specified value of «; the largest value of a for which the a-cut is not
empty; the non-fuzzy set of all points x in the universal set X at which sup,, @z (x)
is essentially attained. Frequently, we will write u(x,A) instead of pz(x) and shall

use the fuzzy power set on X by F(X). Let A € F(X). If r is any nonnegative real
number such that (r supu(x, 4) ) < 1, then u(x,74) =ru(x,A), forall x € X.

xX€EX

Let A; € F(X), i € I (I is a nonempty index set). Then the standard fuzzy union
of A;, U;4;, is defined by sup, u(x,4;) =V, pz (x), the standard fuzzy
intersection of A;, N;A4;, is defined by inf, u(x,4;) = Ay pgz, (x), and the
complement of 4;, —4;, is defined by u(x, ~4;) = 1 — u(x, 4;), for all x € X.

Extension principle for fuzzy sets was first presented by Zadeh [21, 22], which
provides a method for extending classical mathematical concepts to fuzzy
quantities. Let f:X; XX, X..XX,, »Y be given by y=f(x, x5, ..., %)

and A; € F(X;) for i =1,2,..n. Here the fuzzy set C = f(4,,4,,...,4,) is
defined by

Cly) = \/ (u(xl,ﬁl)A (g, AN ... /\u(xn,ﬁn))

X1,%X2,Xn | Y=F(X1,%2,...X0)

A fuzzy number was first introduced by Chang and Zadeh [4] characterized by a
grade of membership p(x, a): R — [0,1] satisfies:
u(x,@): R = [0,1] is upper semi-continuous (u.s.c);
Therearea € Rand b € Rsuchthatc <a < b < d;
u(x, @) is increasing on the interval [c, a];
u(x, @) is decreasing on the closed interval [b, d];

u(x, @) = 0 outside some interval [c, d];

I T o

u(x,a) = 1 for the interval [a, b].

We will use F* to denote the set of all fuzzy numbers on R.
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Qiu et al. [12] redefine a fuzzy complex number Z by its membership function
u(z,Z): € - [0,1] which satisfies:

1. u(z Z) is continuous;

2. “°Z,0 < a < 1, is open, bounded, and connected;

3. {z| u(z, Z) = 1} is non-empty, compact, and arcwise connected.
We use F** for the power set of fuzzy complex numbers.

Qiu et al. [12] generalized a complex fuzzy number Z if and only if:

1. u(z,Z):C - [0,1] isu.s.c;

2. “*Z,0 < a <1, is compact and arcwise connected:;

3. ™7 is non-empty.
Let Z',Z" € F**. If we denote the extended operation by ®, then by the extension
principle, one obtains

u(z,Z’®Z") = sup min(u(z,2"),u(z"2")), forallz € C
z=z"+z"

u(z,Z2 ©Zz") = sup min(u(z,Z"),u(z"2")), forallz € C
Z=Z 'Z

For complement normalized fuzzy numbers (CNFNs) [10] g and 1 with
membership functions u(fi, 1;) and p(4, 1), respectively, we call Z=jiHila
bounded closed complex complement normalized fuzzy number (BCCCNFN) with
membership function u(Z,z) = p(@ py) vV (A4, Ay), where z=p, +id; . We
denote the class of all the BCCCNFNs by F*%, and use F*, for the fuzzy power set
of CNFNs.

We call p(8):R = {[y~,y*]; vy~ <y*andy~,y* € [0,a*]} is a generaliz-
ed CNFNs if p(8) = [ppu(8), puze(8)] for @', g € F2y. We call A([Z],6 +
iA):C— {[y‘,y*]: vy e|o, agwx]z sy <yt } is a generalized rectangu-
lar valued bounded closed complex complement normalized fuzzy number
(GRVBCCCNFN)  if  A([Z],6+ia) = |A(Z 5 +ia)A(Z,5+ia)| for

BCCCNFNs Z and 7. Sometime, we write [Z] to be [ZE] =@ [+]i[4] =
[A B2 @], and we say [Z]=[W]=[pI[+i[B] if """ (@) =

vy 151 and YT 121 =[] The set of all GRVBCCCNFNS s
denoted by [F*%]. We define a function I on GRVBCCCNFNs [Z E] and [@ W]
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as  T([2.2],[m.W]) = [£(a%, 79)VER, ), £ 7OVE( B4)],  where
g(ﬂ{’,?{’) — fo )Z/naff Y [ e i

AN A
|¢+ﬁ*’+ — ¢+)7"+|]. Let [Z] € [Fxy]and (y~,¥y) € 1[10[ X 1[10[. We define [y~,y*]-

Yt ~p~ ¢+~e—| Vv

it 1 gt ="y

) Vy<1/)<ama:

+

level of [Z]as ¥ V' 71 =" *Z7n 7"

Nl

2. Fuzzy Convergence of GRVBCCCNFNs

Throughout this section, some important results on series of GRVBCCCNFNs
based on I'-converge and [y*,y**]-level converges are examined and proved.

Definition 2.1. Let ([Z,] = [&,][+]i[4,]) be a sequence in [F*y], [W]=
+1i[B] € [Fxy]. We say that ([Z,]) is [ -converges to [W] written as
([ ,7]) L[ W], if for any & = [¢,€] > 0, there exists a positive integer N such

that F([Z,], [W]) < €asn = N.

Definition 2.2. Let (1Z,] = [, ][+1i[4,]) € [F=x], (2] = [F1[+]i[B] €
and (y*,y*) € I Ux 'L we say that ([Z,]) is [y*,y**]-level converges to [Z]

[0
. o PrtIelevel e o ey S e

written as ([Z,]) ——— [Z], if ¥ "p4 " vV T VT Y

,}/+~l+ y**+~ + ,y*+~l+ ,}/**+~ + y*+~l_ y**+~ y*+~l_
iy A gy — " 7 A yvr o, Ay vV ry —" B

Y+ pu Y4t v et Y+ait v aut
ﬁandln/\ln—>,8/\ﬂ.

Definition 2.3. Let ([Z,] = [&,|[+1i[#]) € [Fn] o [By] =20.,[Z,] =

T[T [7] - If there exists [Z] = [ﬁ][+]z[)7] € [F] such that
([5,]) 220121, we say the GRVBCCCNFNS series (GRVBCCCNFNS)
)Yl 1[ o is fuzzy converge to [Z], and denoted by ¥ 1[ Zy| =

Theorem 2.4. Let ([Z,]) ¢ [Fxy], [W] € [F=y]. Then ([Z,]) LN [W] if and
only if ([Z,]) is [y*, y*]-level converges to [I¥].
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Proof: For any & > 0, there exists a positive integer N such that I'([Z, ], [W]) < &
asn = N. This implies that, ({1, 7%) < ¢, E(an,ﬁf’) < & &(@,",7*) < &, and
E(1," ) <e if and only if [P, —Vrpt|v |1”+a,ﬁ+ — Mt <

+~ P +50~ +~ ¢t +50t +~ u— +oout
|¢ luTI _y IB{’ |V|¢ _ Y ’B{’ |<8 ’ |1l’ 'unu _ |V|¢ u
¢+””+| < &, and |¢+~ u” ¢+E”_| v|1”+ﬂnqu _Yrgut |< e if and only if
+. P ~ +. ¢t + . pt +. P +5p—
w“n 1/1)/1,” ’ lplln Ewyf ’ wﬂn Ell)Bf ’
+~ o1 +5¢7F +~ - +~ ut +.
Y s ¥ '34’ ’ Y ”Tlu ell) yu ’ Y ”nu , ¥ )/”+ ’

¢+ﬁnu _ Yt 'Bu and¢+~ ut Y 'Bu _

Theorem 2.5. Let ([Z,]) c [F=y], [W] € [F=y]. Then ([Z,]) is [¥*,v**]-level
vy

**] [ * o kK

converges to [W] if and only if [a,] — """ 7] and

* *x * **

[YY][AU]_>YY [,3]

Yi+~1— V+1—VV**+

~p— ~1t ol
Proof: We have, ¥ "} vt g —— ¥ty um VgLt AV gu

y 1 tun tun
V41t vyt V3T Y quT YV4+51 \, YV pu V*+~z+
— " A et Ay v Ay —— P TR v B and T A
** ~ + * ~+ *x ~ + . . —_ *k ~ ~ +
VIR — VTR AY TR if and only if [V+ TR i ,V+y,l7 A
Y4 y**+~ _ y*+~ + y**+~ +
ar| = [ v e T AT ]
*k ~ + * ey — ** o0 — * o~ *Kk o~ 4 .
Y +Az7;, ,Y +/1£7 /\Y +/1u ] e[V +,Bl v?Y +Bu V+IBI AY +ﬂu ] if and
. Y+~ Vit~ Y4 cu— VYVt ~ut Y +~1— Y+t
only if [ u,l7, uﬁ,]n[ iy ”]—> [ % yl]n
Vit su— ¥ rsut Y+31 7 v+51 Y+3uT v+t
[ 74 y] and i, An]n[ o /1,,]
X o~ — *4 o~ ~ - - H
—>[V TRV TR ] [” tpuT YU pu ] if and only if
V+'a'717”)’ +ﬁ# aV"‘j;an +)7u and V"‘Z%ny +/’~{;7L BY+B~lﬂy +B'u .

This completes the proof.

vy , and v +/1£7 v

Theorem 2.6. Let ([Z,]) © [F=4], [W] € [F*3]. Then ([Z,]) — [#] if and
only if ([fZ,]) and ([1,]) are [y*,¥*]-level converges to [7] and [3], respectively.
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Proof: By hypothesis, we have (Z )M[W]

[y*'y*H[ﬁn] — It and vyl [ 1] — ryl+ [B] if and only if
y+,u,l70y*+ﬁ# _)y*+]7ln)’*+)7u and V+/1[ ny+/1u V+ﬁzny+ﬁu i
and only if [V YA TV YT YT A +~u+] — [V Ty e

Y*+)7[+A)’*+)7u+] and [V*+Z£]—VV T v +/11 AV * ] _>[V Ry

THRuT YT AV +] , if and only if ([&,]) oy -tevel level[?] and
~ [y Yy ]1-level
(1) —— 18]

Theorem  2.7. Let ([Z,] = [,][+] [Vn]) ([W]=[ | LB ), (W] =

if and only if

[Bol[+1i[B,]) € [F23]  and [Z] = 71.[w ]=[ ] 18] (W] =
~ —level _
[8](+1i[A] € [F=n]  [¥] € {[+][-L[- . I ([Z, )—>[Z] and
(1,1) 27 11, Then

L (ZDH(W]) S 2], and [2] = [W] where ((Z,]) is also

[y*,y**]-level converges to [W].

~ [ *, **]_l 1. _ _ *’ *k 5 *' *k -
2 (W) 5 (W) where (21 = (W], T (g, < TS,
[Y*J’**]"‘[ [Zn]; [y y*1+ [5,7] < [V*,V**]+[)~Ln] ’ and 14 ,V**]+[Zn] <
™I+ |3,]- Also, V) < iy [A] and "V ] < [y*’y**H[S] where
[

[y y**1+ #n] < [y*y ]+[6~] and vy ]+[]7n] < vy H[Z].

7 ] < [y y™1+

[y v+ [y*y**1+ i

Proof: We only prove (1). By hypothesis we have il,

[7] — " ] L T (R —
[V*'Y**]‘F[B']' [y*y**] [8 ] [y y* ]+[6], v ]+[A17] _)[V 4 [A].A|SO,

[ay] —

[y v 1+

"M@m= (25]) (@)
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(2 = T ([w]), ane

[* **

* o k%

[y*.y**]+([ ) vy ([W]) _ Yoy H([ZE ) . [V*,V**]+([E’W )

- (el )

[* **

The other part comes from ¥ ¥ [] =
[y*’y**]+[~

[/1] and Y 3] = vy H[E],
[ * * %k

*, *k - [ Y **]+ -
v [ R

owing to, .| — ] —

* *x * ** * **

[y v+ ['un] v*y [Z], and [Y*.Y**]‘*'[j;n] (0% [ﬁ]

Theorem 2.8. GRVBCCCNFNS Y5>, [Z, ] converges to GRVBCCCNFN [Z] if
"[A] and

* **]

- * * % fo'e) [V*:V**]'i' ~
and only if for any (/*,y™) €Iy x I, X, [i,] =

* o kk

s ] = ),

: ~ 1 rTl-tevel . .
Proof: By hypothesis, we have ([B,]) ———[Z] if and only if

* o kk * o kk

* **]

[y vy 1+ x [y v+ )

(20_,[Ea]) — """ (7] and (20 [7]) — " 7] i
and only if X7_,"" ]+[ﬁ] Y ME and B0 M g —
VY Mg) it and only it 7 [g,] and " [7,] are sequences of
)2l [ |2,] and X5 L +[ ,| respectively, if and only if

* o kk * o kk

s U = U g and 5, U 7 ] = PO gL

Corollary 2.9. GRVBCCCNFNS ¥, [Z, | converges to GRVBCCCNFN [Z] if

and only if for any (y*,y™) € I [ I[O,Zn 1 oyl | 77] = [V*'V**]J’[Z].

Proof: The proof follows quickly from Theorem 2.8.
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Theorem 2.10. GRVBCCCNFNS zﬂ;ﬁ[z | = 2o [, [+1i%5, [@,] converges

to GRVBCCCNFN [Z] [/1] @] if and only if Yo, VAL =7"*RL
Z%ol)/*‘ 71‘; Y+ {’Zoo 1A + Y +/1uandzn 1]/ +¢77_y +¢u.
l l - -

Proof: We have ([B,])— iy teve [Z] = [A][+]i[¢] if and only if
~ l l l l ~ *—1 l .
([A,]) Il 3] and ([@,]) WiyTAmtevel 51 it and only if pra iy ()

y**—level sy ~p y*—level y**—level

Ay —— %, ¢y —— ¢*, and g} —— ¢*.

Theorem 2.11. GRVBCCCNFNS ¥ 1[Z | converges to GRVBCCCNFN [Z] if

and only if anly 2L = = VI X +/1€+ =7 , L= 7 +907{7)_ =

P +opt +~pt + g +3
14 QD{) Z;;ol)/ (pg _v {’ ZOO A I 4 /1“ ZTI 1V /1u

y+ Y+~ _y*+u ) y+ _y**+~u+
an oy = and Y. Put =V Tut,

Proof: ([1,]) ——— T LY TA] and (@] W @] if and only if

zp V *—level 5p y**—level . ) y*—level ) y**—level .
Ay — A, Au — A", ¢ —— @", and ¢y ———> ¢* if and only if

Y+/1£’ Y +A€ ’ Y+A£I+_)V +/1£+ ’ Y+§07{; 7 +¢~)e ’

v +<pf,’+ SN A A y**+1#— YT v +/1u it

Vg g and Vgt —— Y gt if and only if X1_, VTR =

vitgeT ’ Z:ly*+ifz+ :V*+Z£+’ n_ 11/ +<pff V*+¢)£—’ n_Y +<p£+ V*+¢£+’
n_ 1)’**+Zu_ =V uT . V**+Z%+ *ut n_ 1V +<Pn V*+(pu— and
Z 1)/ +¢#+ y**+¢u+.

Theorem 2.12. For GRVBCCCNFN [Z] and [#] if GRVBCCCNFNS £, [Z, ]
converge to [Z]. Then ¥ s> ([Z,]1[W]) = [W] (120112,

Proof: Since GRVBCCCNFNS ZA;’;’Z[Z | converges to GRVBCCCNFN [Z], we
have Z,‘;"zl[y*’y”]Jr[Z,,] I+ (7). so that,

Z%ozl[y*,y**H (1Z,1C1[W]) = 3oy ([V*.V**]+[Z~n] , [V*.y**]+[WD
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* o kk

_ e w Tl
TTUW] T 2]

Theorem 2.13. Let GRVBCCCNFNS f,‘f;[fn] and f,‘f;[Wn] converge to
GRVBCCCNFN [Z] and [W [ ] respectively. Then for the extended basic arithmetic

operation [], we haverf:l([Zn] <[, ]) = T s> [Z,]1] [*]Zr- s [W,].

Proof: We only prove the case of extended addition. Suppose that [Zn] =

(4,141 @], (W] = [7]1+1i8, ], 12] = [2][+]il@] and [W] = [7][+]i[5]. We
have

o VYHyeT _ vV+5eT o V+iyet _ yvi+get v* +~£’ _ Ve
Z‘r] 1 /1 - /1 ’ ZT] 1 A - A y Z‘r] 1 (p y
o V't~ £+ Y+~ e+ Yo suT _ YT FuT V+u _ V7t
ZT] 1 T] - ZT] 1 /1 /1 y Zn:l /17’] /1 y

Vot su— _ vV + - o Y +oayt VT oyt o VitopT _
Yn=1 Py = and X% Put =" Tgw . Also, Yy VTR =

y+~e X Y+~{’+ y+~£+ Zoo V+5{’ — Vgt X Y+6£’+:V*+S€+

Y tsu— _ v +~u Yo tsut _ y**+~u+ Yo+ suT _V**+ Su~
Zn 1 Vn Zn 1 Vn Y ’Zr]=1 677 = 0 and

Yo VT = YT S0 that,

e y+/1£ + Y, V+~{’ V*+/1£—+V*+)7f ZOO V+/1£ + Y, V+~£’+_

y+/1£+_|_y+)7£+ o Y+~£ + Y, V't V*+¢){’ L YHEeT

] 'r] ]
200 V+~g++zoo V+5f+ :V+¢€++V+61?+ ’
5, a +/1u + Y, ' +~u =V**+/Tu_+y**+]7u— A vty +_|_

*+ o +3 + o0 bt o Y+E bt

anly ]/11]1+ v Au _|_V u+ Z Y 7171_{_277:1)/ 5# _ 7 Pv +
V75U and Y1 g R VirguT = v gut L YRS This implies
that
o *+~ — *+~_ *+,_,_ *+~_ o *+~ + *+~+
S (VAT TR) =TT e () =
*+~+ *+~+ 0 *+~_ *+~_ *+~_ *+~_ o *+~+
Vet L Ve ’anl(y %{7’ 1Y 5;5; )=V ot + 7 e ’anl(y 907{; n
* ,_,+ * ~ * ~+ 0 * % ~ — *k ~ _ * % ~ — *k - _
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% o~ 4 *k
27?:1()/ +/’l‘;,7l _l_)’ +]7#+) v* +/1u _l_)’ +~u+ 277 1(V +(,0# _l_Y +6u )_

VU 4 VTS and 3 (”**J’(,b,;“ + 7 ) =Vt gut £ VRS Hence

Y+ - Y+ - Y+ . + Y+ B +
Ln=1 (’177 + 777){) = (’1 +7 ){) , Xp=1 (’117 + 717){) = (’1 +¥ )e ,
- Y+ _ N Y+ _ e p
anl (Vn + 577) = (90 + 6) !
)/*+ 5 + )/*+ 5 + oy 5 _ gy 5 _
S @+8) = (@+8) .z Gm) =T @+)",
** 5 + y**+ 5 +
Yo (Ap+ Vn)u = (A+7 )u :
**+ _ _ **+ - — ]/** ~
Z;;O=1y (¢ + 517)“ =" (p +6 )u and Yie1 o (@ + 5n)u+ =
**+
" 5

Theorem 2.14. For (1Z,] =[] 0+1(2,1) . (%] = [Bl+1i0B,]) . (%]
= (BB < (73] T ] < ] T A s

[ *’ ** - *’ *k - *’ * % —_

Yoy [,877] ' vy ]+[Vn] < vy ]+[6r,] ’ [y*v* ]+[,817] lyv*y ]+[An] T
GRVBCCCNFNS ¥, [Z,] and ¥, [W,] converge to GRVBCCCNFN [Z] =
[A[+]i[4]. Then 3>, [7,] = [Z]

Proof: Obvious.

3. Conclusion

In this paper, we introduced I"-converge, [y*,y**]-level converge, and fuzzy
complex sequences and series for new type of fuzzy quantities. We found
relationship between I -converge and [y*,y**] -level converge under some
conditions and give connections between GRVBCCCNFNs and CNFNs in terms of
[v*,v**]-level converges. Furthermore, we have checked the basic fuzzy arithmetic
operations among GRVBCCCNFNSs valued convergences and series. We presented
relations of GRVBCCCNFNS with the real and imaginary parts in terms of the
fuzzy number series and demonstrated some results between GRVBCCCNFNS
with the lower and upper y-levels.
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