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Abstract:
In present paper

the objective of the choice for studding trigonometric B-spline is made to show it
IS gives better approximate result or not of the boundary value problems in
ordinary differential equations. By applying B-spline procedures to obtain
approximate solution of the boundary value problems of ordinary differential
equations with trigonometric B-spline, cubic trigonometric B-spline have
motivated the solve of boundary value problems with numerical procedures.
Keywords:
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2.Trigonometric B-Splines: [3]

Let {X;} be a non-decreasing sequence of real numbers such that X;.,-Xj<2= for
all i, where k=1 is a given integer. The real-valued functions T;x on R defined by
Tix(X)=0 if Xje=x; and Tk (X)=[Xi, Xis1,- - - Xisk]t (sin? L XiuSX;..

Definition 2.1 [28]:
The normalized trigonometric B-splines T; associated with the knot sequence

{xi} which gives higher degree trigonometric B-splines, gives by the following

iterative formula

slnl,rﬁ *i sinl Xi+k
uk(X)_{ﬂT}} T 1(IJ+—xm-% s 1e-1(X),K=2,3,4, (1)
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starting with uniform normalized trigonometric B-spline

1 for x. <x < x,
T.. (X :{ P = i+1
E’l( ) 0 otherwise

the T;x functions as defined in (1) has the following properties :

i. Support (Tix)=[Xi, Xi+1)

. Tix=0 for all x and all i,( is positive in the interior of its support and zero
otherwise).

i. Z_.. T, (X)=1for all xeR.

Trigonometric B-splines T; obtained by applying a linear factor to Tjx; and

Ti.1 k1, We see that degree actually increased by 1 at each step .

The spline function S(x) with respect to the given trigonometric B-spline
defined by
S(x)=2r, e, T™(x),c; ER,i=1,2,..,n (2)

2.1 Cubic Trigonometric B-spline: [4, 5]:

Let = be a uniform partition of the problem domain [a, b] such that = ={ a=xq<
X1 < Xo < ... < X1 <X,=b}, at the knot points Xx; , i=0,...,n-1, X;=Xo+ih and mesh
distance h=(b-a)/n, on this partition. The Cubic Trigonometric B-spline defined

upon the set of n+l1 knot points of the problem domain [a, b] as:
(sin® (2=2) [ %im2%i4]

s (2222 in (2) +

sn (222 i (%) i (2

sin? (2221t sy (B2 [¥ms, %]

TB18(X)=5 1 stn (2552 sin® (22255 +

&

. i e SE S . e S R Ly i
sm{ — ')sm( 2 )sm( =L )

: x| e e T
—|—.5'm( > )sm (—2 ), [6,,2%,44]
ro3 [ FipzTE
st ( 2 ) [%3410 % 142]
W0, otherwise

where @zsin(h)sin(%)sin(i—"
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It is worth mentioning that cTB; (x) are twice continuously differentiable

piecewise on the problem domain [a, b]. Now let S(x) be the spline interpolating
function at the nodal points, then S(x) can be written as S(X)=X722, ¢,TB;; .

S(x) is approximate solution of differential equation where Cj's are unknown
coefficients, and TBj3(x) are cubic trigonometric B-spline functions. To solve
boundary value problem of second order with using cubic trigonometric B-spline
functions cTB;. It required cT5;, cTB/, and cTB;" been evaluated at the nodal points,
that are summarized in the following table 1.

Table 1. The values B;3, B'iz and B"j 3

Xi. Xi.1 Xi Xis1 Xis2

X |
CTB |0 “tan(Z)esc()  2sin(2) esc(2) “tan(%)esc(Z)
j 0
CTB |0 = csc(2) 0 -2 esc(Z)
i |0
CTB |0 % csc(i—h)[cot(g) -%csc(az—h)[sin(g) % csc(az—h)[cot(g)
llj O

+cot(h)] + cos(h)csc(H)] + cot(h)]

2.2 Description of the Method:
Consider the self-adjoint second order singularly perturbed boundary value
problem of the form
lu(x) = —€ u"(x) + alx)ulx) = f(x) 3
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u(0)=a
u(1)=p (4)
where « and £ are constants and < is a small positive parameter (0 << 1), a(x) and
f(x) are sufficiently smooth functions. Let a(x)=a= constant and let
u(x) = 5(x) = X721, ¢,TB,; is approximate solution of (3). Then let Xo, Xy,..., X, be
n+1 grid points in the interval [0,1]. So we have X;=Xy+ih where h=xi+1—xi=§ at the

knot points, and Xo=0, X,=1, i=1,2,...,n , we get:
5(x;) = nile TB;s (x;)

J=-1%7
)
S'(x,)= ?;—11‘7;?13;,3[3'5:']
(6)
57 () = EIEL, ¢ TBly (x)
(7)

substituting the value of equations (5) and (7) in equation (3) we get:
—E E;zgfl CJ'TB;E (x;)+ a(x;) fiil ¢;TB; 5 (x;) = f(x,),i=012,..,n (8)
and the boundary condition becomes,

?;31 ¢;TB;3(xp) = a

(9)

722, ¢ TBs(x,) =B
(10)
the values of the spline function at the knot points are determined by using table
(1), and substituting in (8)-(10), we get a system of (n+3)x (n+3) equations with
(n+3) unknown. Now we write the above system of equations in the following
form
SXi=ly,

where X,=(C, Cg, ..., cn+1)T are unknowns

In:(ferrf(xDjr rf(xnjfﬁjr
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(sin’ (@) , [ 22, % 4]

&

, 2 fa—ap_ . fxi—x
sin ( — “)sm{ - )—I—
' [t ' 4 " HTX g
sm{ — “)sm( 2 jsm (%)
, 2 fx—x, \ Xin—X
+sin ( — ')sm (%) , [, 1. %]

Since  TBa(0= g (=22) s (55) 4

&

&

. i e SE S . e S R - ) i o
sm{ — ')sm( 2 )sm (%)

+sin (I;x[)sm: (x”:i) . [%3%:44]
sin® (J‘[+;_5‘) [%i41:%:42]
L, otherwise
1| sin? (I"_x) [24, 2]
TB.13(X)= p 2 ) o X1
0, otherwise

. [x—xgt2hY . o fxa—x
(sin (+) sin® (_T} +

\ x—xgth \ x,—Xx \ Hg—X
foy i) - oy gt - oyt -

TBos(X)= 21 + sin (22) sin? (22=), [x5:24]
sin? (x“;x), [*1, %]
\0, otherwise
(sin’ (x_x°+h), [0 — B, %]

TBl,S(X) = %4 sin (x_x")sin (x“:x)sin (xs:x)

. XX, . 2 Xg—x
+ sin ( 2 )sm ( 5 ), [25,%4]
. 3 Hg—X
sin ( - }, [25,%4]
0 otherwise

{23 (x—xn_s)
sin - [% -3, 2]
lr—wp_g) . lxg ,—x)
sin —1=%sin ——=—+
s I e B e ey
TB..(X)=1] sin =R i — 5 gip ——=2
n1(X)=3 e ) . G y
, 2 lx—xg . i, .
+sin? 0= gjp NN [% 2 %p-1]
g (g, —x)
\0 otherwise
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{3 lx—ap_g)

sin® — =5 [ pn—2s Xp—1]
sin® I‘x_::'"'“} sin = “ﬂ_x} +
3 -1 . = .- .
T B”(X)_ E'{ sin I‘x_:i'"'“} sin I‘x"‘th —x) sin I‘x_i"‘"'}
+sin? "x_:;"‘"'} sin "x”*;h'x} B
\0 otherwise
3 -"‘_-".'1.—'_)
1| sin . X4, X

TBo1a(X)= { (= e

0, otherwise

Form the boundary conditions equations (9)-(10)) we get :

Since X721, C,T*B;(x,) = a,then

%C_ltaﬂ (h) csc( ) + 2Csin {h) csc( ) + - ¢ I‘ﬂ,ﬂ( ) csc(az—h) = a (11)

and since E;-’;'_lli?jTH%(xn] = B, then

Also
-€ X721, CB]' (x) + a (x ) X721, C;B,(x,) = f(x,)
=0

= [% C_lcsc(az—h:] [catg + cot(h)] —|- ic csc[ﬁj [u::g:n_‘E + cot(h)] + EC CsC {E) [cot

cnt(h:]]}—l- a(xy) (%c_ltan( }csc( ; }-l- 2¢, sm(h)csc{ )-I— cltan( )csc(z—h)j
f(x,)

b |

_|_

(13)
i=1

= ( C csc( )[cat + cot(h)] — —csc [Eh) [sm( )+ cos(h) csc( )]:] +
alx,) (E C,tan (E) csc (Z—h}

+2C sm( )csc{ )) f(xy)
(14)
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€ Ceyesc(E) [eot+ cot(W)]) + aliey) GOy tan (B) esc(E)=f(x,)  (15)
and i=n-2, then

—E( C, lcsc{ ][car + cot(h)])+ alx,_,)

GCumatan (3) cse (T )= Fxn-2)
(16)

i=n-1
e (=26 ose(2) [sim(2) + costwyese ()] +

%Cn csc( ) [Cﬂt + cot(h)]) +a(x,_,)

(zcn_lsm (£) esc(2) + ¢y tan (2) esc (2 ]) Flx, 1) (17)
I=n,

—€  ECpyesc (L) [cotk + cot(h)] — 2esc () [sin (%) + cos(hy esc ()] +

2 Cperese (2) [eot (2) + cot(W]) + alx, j( watan (%) csc(2) +

ZCnsin(h)csc(‘)-l- Cnﬂtr;m{ )csc( )) flx,)

(18)

From equation(11)-(18), so the coefficient matrix is given by

u v u
3 3n 3 3n
~Zcsc(=) o Zese=)
PRl 2"\
SD TI} SD
0 s, T,
52
0
0
0
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— C_l — a -
0 0 0 01l ¢ fxq)
: : : flxy)
0 S. 4 0 0 _|
: Tn -1 5?2-1 0 : )
5 S, T, o | [ :
0 U v vl c, fx,)
Crz+1 - JB -
where

s=—7 ecse(E)[cot(%) + cot(h)] + a(x)tan(Desc(E)

Tz:% ECSC(H:—h] [sin G) + cos(h) esc G)] + 2a(x,)sin G) csc(i—h]

U=2tan Gesc

v=2sin(%) esc () for i=0, 1, 2, n-2, n-1, n

3 Numerical Results

In this section the purpose is the test of the new method for solving ordinary

differential equations of boundary value problems through the following example.

Example:

Consider the following second order boundary value problem subject to

boundary conditions:

—ey"+4y=
and boundary conditions y(0)=0, y(1)=0

10™

107

10

6.648297183x 107

1.994628381x 107 ¢

4.199774960x 102

20

4.180808855x 10~ ¢

3.324979841x 107 °

1.953986258x 107°

40

3.000763563x 10 ¢

1.439594520% 10™°

2.109720459x 10~¢
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4 Conclusion:

In present chapter we used new method to solve boundary value  problem by
using of cubic trigonometric B-spline interpolation it seems that the absolute errors
are small enough and acceptable; consequently the results were convincing.
Moreover, we found that use TBS interpolation, gives more accurate results in

comparison with use of B-spline interpolation.
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