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Abstract
In this paper some results that concerning localization of modules are proved. It
also, studies the effect of localization on certain types of modules such as
supplemented modules, weak
supplemented modules and completely
weak
supplemented modules. Several conditions are given under which
certain properties of such types of algebraic structures are preserved under
localization.
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1 Introduction
Throughout this paper, is a commutative ring with identity and is a unitary
left
module. By
we mean is a submodule of . A submodule of
is called a small submodule of , denoted by
, if
is any submodule
such that
, then
[12], and is called a supplement (a weak
supplement) of
if
and
(
) [8].
Moreover, is called a supplemented (a weak supplemented) module if every
submodule of has a supplement (a weak supplement) in [4]. is called an
amply supplemented
module if for any submodules
and
of
with
there exists a submodule of such that
[4], and is called
an amply weak supplemented
module if every submodule of has amply
supplement in
[8] and
is called a
supplement or a generalized
supplement (a weak
supplement or a generalized weak supplement) of in
if
and
(
) [9]. Moreover, is called
a
supplemented or a generalized supplemented (a weakly
supplemented or a generalized weakly supplemented) module if every
submodule of has a
supplement or a generalized supplement (a weak
supplement or a generalized weak supplement) in
[11].
is called
completely weak
supplemented if every submodule of
is weakly
supplemented [9] and it is called amply
supplemented (or generalized
amply supplemented) in case
implies that has a
supplement
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(or has a generalized supplement) in
[13]. If
then we define
[1]. A submodule
is called a radical submodule if
. is called a hollow module if every proper submodule of
is
small in [13], and by a hollow radical submodule is meant a submodule which is
both hollow and radical. is called a semi-simple if every submodule of is a
direct summand [5]. For a submodule of we define
,
for some
[2]. A non-empty subset of is called a multiplicative system in
, if
and
implies
[6]. If is a multiplicative system in ,
then one can obtain an
module, denoted by , under the module operations
and
, for
and
, so that when we say
is
a module we mean
is an
module. In fact, this module
is known as the
localization of at the multiplicative system [1].
2. Some Basic Preliminaries
The following are some known results on which we depend to prove the main
results of this paper.
Corollary 2.1. [3] Let
be an
module and a prime ideal of . For
submodules
of the following are satisfied.
(1)
.
(2)
.
(3)
.
Proposition 2.2. [7] Let and be submodules of an −module . Then
if and only if
for every maximal ideal of .
Corollary 2.3. [7] Let and be submodules of an −module . Then
if and only if
, for every maximal ideal of .
In particular,
if and only if
, for every maximal ideal of .
Lemma 2.4. [11] Let be an
module and a
in
. If
is a supplement submodule in
submodule in .

supplement submodule of
, then
is supplement

3. Main Results
First, we give an example of an
module in which there is a prime ideal
of and for which
, for all proper submodules of .
Example. Consider
as a
module, that is take
and
. Clearly
is a prime ideal of . The only proper submodules of
are
. Now, one can easily calculate
and
and get that
.
105

acadj@garmian.edu.krd

Conference Paper (July, 2017)

جملة جامعة كرميان

طؤظاري زانكؤي طةرميان

Journal of Garmian University

.
.
Hence,
is a
module, where
is a prime ideal of and such that
for all submodules of .
Now, we prove the first result.
Lemma 3.1. Let be an
module with submodules and of and be any
maximal ideal of
such that for each proper submodule
of , we have
. If
is a weak
supplement submodule of
in
, then for a
submodule of
, there exists a submodule of such that
is a weak
supplement submodule of in .
Proof. As
is a weak
supplement submodule of
in
, we have
and
, this implies that
and
. By using [1, Corollary 3.26], we have
, so by Corollary 2.3 and Proposition 2.2, we get
and
, so that is a weak
supplement submodule
of in . Now, since
, so by [1, Lemma 3.16], there exists a submodule
such that
. Thus by [9, Lemma 2.1], we get
is a weak
supplement submodule of in .
In [9, Proposition II.1], it is proved that every factor module of completely
weak
supplemented module is also a completely weak
supplemented
module. Now, we prove this result by replacing the module with its localization at
maximal ideals.
Proposition 3.2. Let be an
module with a submodule of and be any
maximal ideal of
such that for each proper submodule
of
we have
. If
is a completely weak
supplemented
module, then is
a completely weak
supplemented
module.
Proof. Let be a submodule of , where
. Then, is a submodule of
, where

. Let

be a submodule of

, where

.

Since
is a completely weak
supplemented
module, there exists a
submodule
of
for which
and
. As
is a
weak
supplement of
in
and
, so by Lemma 3.1, we get that
is a weak
supplement of
in
. Hence
is a weakly
supplemented module. So that, is a completely weak
supplemented
module.
In the next result, we prove that, if the localization of a module at a maximal
ideal is completely weak
supplemented, then the module itself is so.
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Proposition 3.3. Let be an
module and be any prime ideal of such that
for each proper submodule of , we have
. If
is a completely weak
supplemented
module, then
is also a completely weak
supplemented
module.
Proof. Let be any submodule of
module and
be any submodule of .
Then, by Proposition 2.2,
is a submodule of
and
is a submodule of
.
Since
is completely weak
supplemented, then,
is weak
supplemented, therefore,
has a weak
supplemented in
. This
implies that, there exists a submodule
of
such that
and
. By [1, Lemma 3.16], there exists a submodule of such
that
.
That
is,
and
by Corollary 2.1. By [1, Corollary 3.26] and
Proposition 2.3, we obtain
and
. Hence has a
weak
supplement in
. This implies that,
is a completely weak
supplemented module.
Now, we give the following corollary to the Proposition 3.3.
Corollary 3.4. Let be an
module and a maximal ideal of such that for
each proper submodule of we have
. Let
, where
are
submodules of . If
is a completely weak
supplemented
module,
then and is also a completely weak
supplemented
module.
Proof. The proof follows directly by Proposition 3.3 and [9, Proposition 2.2].
Now, we give a condition under which, we can extend the result of [10, Lemma
3], to the localized modules.
Lemma 3.5. Let be an
module and a maximal ideal of such that for each
proper submodule of , we have
. Let
for submodules
and of . If
contains a
supplement submodule of
in
, then
has a
supplement submodule in .
Proof. Let be a submodule of , and suppose that a submodule
of
is a
supplement of
in
, then we have
and
, from the modular law, we have
, since
, then
, by Corollary 2.1, we get
and
and by [1, Corollary
3.26], we have
, hence by Corollary 2.3 and Proposition
2.2, we get that
and
. Thus
is a
supplement submodule of
in .
Now, we give a condition under which we can extend the result of [11, Lemma
4], to the localized modules.
Corollary 3.6. Let be an
module and a
supplement submodule of
in , let be any maximal ideal of such that for each proper submodule of ,
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we have
. If
is a supplement submodule in
, then is
supplement submodule of some submodule in .
Proof. Let be a submodule of and
is a supplement submodule of
in
. Then we have
and
,
then
by
Corollary
2.1,
we
get
and
, hence by Corollary 2.3 and [1, Corollary 3.26],
we get
and
, it follows that
is
supplement submodule of in . Thus by Lemma 2.4, we get that is supplement
submodule of some submodule of .
In [11, Proposition 6], it is proved that, if every
supplement submodule
of a module is
supplemented module, then the module itself is a
supplemented module and now we extend this fact to the localized module.
Proposition 3.7. Let be a reduced module and a maximal ideal of such that
for each proper submodule of , we have
. If every
supplement
submodule of
is
supplemented, then is a supplemented module.
Proof. Let and be submodules of and
a
supplemented submodule
of
in
. Then we have
and
, since is a
reduced
module, then by [1, Corollary 3.26], we get
is a reduced
module, and we have
is a
supplemented, then by [11, Proposition
5], we get
, hence
and
, then
by Corollary 2.1, we get
and
, hence by
Corollary 2.3 and [1, Corollary 3.26], we get
and
, it
follows that is a supplement submodule of in . Thus
is supplement
module.
In the following result, we prove that if a module is a sum of two of its
submodules for which the localization of one of them is supplemented, then the
submodule contains a supplement of the other submodule.
Corollary 3.8. Let be an
module with submodules and of , and let
be any maximal ideal of such that for each proper submodule of , we have
, suppose that
. If
is a supplemented
module, then
contains a supplement submodule of in .
Proof. Let be a submodule of and let
be a supplement of
in .
Then, we have
and
, where
, hence by Corollary 2.1, we get
and
and by Corollary 2.3
and
[1,
Corollary
3.26],
we
get
that
and
, this means that is a supplement of
in .
Now,
, hence we get
and
, it follows that is a supplement of
in . Thus contains a
supplement of in .
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In [10, proposition 5], it is proved that if a module is amply
supplemented, then it is a hollow radical module. Now, we give a condition
under which, we can extend this result to the localized module.
Proposition 3.9. Let be a Noetherian ring and be a simply radical
module.
Let be a maximal ideal of such that for each proper submodule of , we
have
. If
is an amply
supplemented
module, then is
hollow radical
module.
Proof. Let
be a submodule of
and suppose that
for a
submodule of
, by [1, Lemma 3.16], there exists a submodule
such
that
, hence we get
. By hypothesis there exists a submodule
of
such that
and
, again by [1, Lemma
3.16], there exists a submodule
such that
, hence
and
,
by
Corollary
2.1,
and
and by [1, Corollary 3.26], we have
,
hence by Corollary 2.3 and Proposition 2.2, we get that
and
, and since
is simply radical, it follows that
, so
is a radical submodule, therefore
and so
. Hence, we deduce that is a small submodule in . Hence,
is a hollow radical
module.
Next, we prove that if every submodule of a localized module is
supplemented, then the module itself is amply
supplemented.
Proposition 3.10. Let be an
module and a maximal ideal of such that
for each proper submodule of , we have
. If every submodule of
is a
supplemented
module, then
is an amply
supplemented
module.
Proof. Let be a submodule of
and
. Then
and by [1,
Lemma 3.16], there exists a submodule of such that
, suppose that
, by assumption there exists a submodule
of
such that
and
, again by [1,
Lemma 3.16], there exists a submodule
such that
, hence
and
. Thus,
and hence
.
Therefore,
and
, by [1, Corollary 3.26], we
have
, hence by Corollary 2.1, we get
and
and by Corollary 2.3 and Proposition 2.2, we get
and
. Hence has a
supplement
. Thus
is an amply
supplemented module.
In [13, Proposition 2.5], it is proved that if a module is a sum of two
supplemented submodules, then the module itself is
supplemented.
Now, we extend this result to the localized module.
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Corollary 3.11. Let
and
be
supplemented
modules and
a
maximal ideal of
such that for each proper submodule
of , we have
. If
, then is a
supplemented
module.
Proof. Since,
, then by Corollary 2.1, we have
and
also by Corollary 2.3, we get
. Hence by [13, Proposition 2.5], we get
that is a
supplemented module.
In [13, Proposition 2.1], it is proved that a
supplemented module which
has zero Jacobson radical is semi simple. Now, we prove this result for the
localized module.
Corollary 3.12. Let be a
supplemented
module with a submodule
of and a prime ideal of such that for each proper submodule of we have
. If
, then is semi simple.
Proof. Since
and by [1, Corollary 3.26], we have
, then by Corollary 2.1, we get
and by
[7, Corollary 2.3], we get
, hence by [13, Proposition 2.1], we get
that is semi simple.
In [13, Proposition 3.2], it is proved that every supplement submodule of a
weak
supplemented module is also weak
supplemented. Now, we
prove this result for the localized module.
Proposition 3.13. Let be an
module and a maximal ideal of such that
for each proper submodule
of
, we have
. If
is a weak
supplemented
module, then every supplement submodule of is weak
supplemented
module.
Proof. Let be a supplement submodule of . For any submodule
, since
is a weak
supplemented module, then there exists
such that
and
, by [1, Lemma 3.16], there exists a
submodule
such that
, hence we get
and
.
Thus,
and
by [13, Lemma
1.1]. Hence,
and
, by [1,
Corollary 3.26], we have
, hence by Corollary 2.1, we get
and
, hence by Corollary 2.3,
and Proposition 2.2, we get that
and
.
Therefore, we get that is a weak
supplemented
module.
Next, we prove that, if the sum of the localization of two submodules of a
module has a
supplement submodule and if one of the submodules is
supplemented, then the other submodule has a
supplement
submodule.
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Proposition 3.14. Let be an
module with submodules
, let be a
supplemented module and a maximal ideal of such that for each proper
submodule
of
we have
. If
has a
supplement
submodule in
, then has a
supplement submodule in .
Proof. Let be a submodule of . Since,
has a
supplement in
,
suppose that
is a
supplement of
, hence we get
and
, by [1, Corollary 3.26],
we have
, hence by Corollary 2.1, we get
and
, and by Corollary 2.3 and
Proposition 2.2, we get that
and
.
For
, since is a
supplemented module, there exists
such that
and
. Thus we have
and
, that is
is a
supplement of
in
. It is clear that
, since
,
,
we
get
that
.
Hence we get
and
, that means
is a
supplemented submodule of
in
. Thus
has a
supplement submodule in .
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