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Abstract. The present paper is devoted to introduce and study a new type of
covering dimension function of topological spaces by using «-open sets. For this
dimension function, some properties, characterizations and relationships with other
concepts are found and proved.

1. Introduction and preliminaries.

The mathematician tried to know the dimension of spaces, before the
definition of dimension was given; the use of dimension by mathematician was
only vague sense, a space is n-dimensional if n is the least number of real
parameters needed to describe its points in some unified way. In 19" century, there
were two celebrate discovering, the first one, is the Cantor's one-to-one
correspondence between a line and plane which it was shown that the one-to-one
correspondence mapping cannot preserve the dimension. However, the second one,
is the Peano's continuous mapping of the unit interval onto unit square, this shows
that the definition of dimensions via parameters is not suitable. So, the
mathematicians hoped the dimension has a topological meaning, till it is
topological invariant. For the first time, the covering dimension function is made
by Cech in 1933 and it is also studied by Lebesque.

Throughout this work, a space will always mean a topological space,
(x;7) and (¥;o) (or simply, ¥ and ¥) will denote spaces on which no separation
axioms are assumed unless explicitly stated. The notations T;., and T, denote the

discrete and indiscrete topologies and U denotes the usual topology for the set of
all real numbers R. A point xin a space X is called a condensation point of
A< X [11, page 90], if N4 is an uncountable set, for each open set ¢ which
contains x. A is said to be an «—closed set [2], if it contains all its condensation
points. The complement of an « —closed set is called « —open, and it is well known
that, a subset A of a space X is w—open if and only if for each x € 4, there exists an
open set G contains x such that ¢ — A is a countable set [12]. The family of all -
open sets of a space (X,t) form a finer topology than z and it is denoted by =« , For
a space (X,t)we shall denote the space (¥.=*) by x«, and for any subset Aof X,
we denote by cl4, cl A, Intd and Int, 4, the closure, w-closure, interior and w-
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interior of Ain Xx. We recall the following definition and result which are needed to
prove our results.
Definition 1.1. [12] A space X is said to be:

1. Locally countable, if each point of X contained in a countable open set,

2. Anti-locally countable, if each nonempty open subset of X is uncountable.

Definition 1.2. [1, p. 54] Let X be a space, the order of a family {B;; 1 £ A} of the
subsets of X, not all empty, is the largest integer n, for which there exists a
subset A of A with »n + 1 elements such that N,., B; is nonempty, or o if there is no
such largest integer. A family of empty subsets has order —1.
Theorem 1.3. [8, p. 24] Let {U;; 4 € A} be a locally-finite family of open subsets of a
normal space X and let{F;; A € A}be a family of closed sets such that F, = u; for
each A ean . Then, there exists a family {G;;A € A} of open sets such that
F, € Gy S ClG, < U, for each A€ A, and the families{F;; A € A} and{ClG; A € A} are
similar.
Theorem 1.4. [12] For any space (X.7) and any subset 4of X, we have:

1. 799 = (19)% =1 (i.e., X9 = (X¥)“ = X¥),

2. (1% =(z9), =t = A“.

Lemma 1.5. [12] For an anti-locally countable space X, we have:
1. ci_ A=cla, foreach w-open subset Aof x.

2. Int, A = IntA , for each w-closed subset 4of x.

Definition 1.6. [7] A space (x.7) is called an w -connected space provided that X is
not the union of two nonempty disjoint w-open sets. Analogously, (X,7) IS w -
disconnected, if it is not w-connected.
Definition 1.7. [7] A space (x,z) is called an w—space if =1 (i.e., X* = X),
Theorem 1.8. [6] A space X is an « -normal space if for each pair of « -open sets U
and v in X such that X = v UV , there exist « -closed sets A and B which are
contained in U and v , respectively and X = AU B.
Theorem 1.9. [6] Let X be an anti-locally countable space. If X is w-normal (resp.,
w-regular), then it is normal (resp. regular) and e-space.
For any non-defined concepts see our references.

2. The w-Covering Dimension Function Properties and Relationships

In this section, like the definition of covering dimension, we define another
covering dimension which we call the »—covering dimension, and study some of

its properties and relationships with other concepts.

Definition 2.1. The »—covering dimension of a space X is denoted by @ —dim X
and it is defined as follows:
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o—-dimX =-1 if and only if X is empty. We say ow—dimX <n, where n is a non-
negative integer, if each finite » —open covering of X has an »—open refinement
of order not exceeding n. Also we say w—dimX =n, if it is true that o —dim X <n
but not »—dimX <n-1. Finally, we say o—dim X =« if for any integer n, there
exists a finite w—open covering X which has no »—open refinement of order not
exceeding n.

Remark 2.2. Let Y be any subset of a space X . Then, we say @—dinY <n if it is

true as a subspace.
The following result shows that the » —covering dimension is monotonic on

o —closed subspaces:
Proposition 23. If F is an - closed subspace of a space X , then
o—dimF <@o-dimX.
Proof. If o—dimX = 0r o—dimX =-1, then there is nothing to prove. So it is
sufficient when we show that if ®—dimX =n, then w—dimF <n. For this, let,
{U,}:, be a finite covering of F by w—open sets of F. Then, by part (2) of
Theorem 1.4, there exist »— open sets VvV, in X such that U,=Vv,NF for
each i=12, ...t . Hence, ) U{X-F} is a finite »— open covering of X .
Since @-dimX =n , then there exists an »- open refinement {G,} _, of
.}, U{X-F} of order not exceeding n. Thus, {G,NF},_, is an »— open
refinement of {U,}, of order not exceeding n. This implies that w—dimF <n.

It is easy to show the following relationship between » —covering dimension

and locally-countable spaces:
Proposition 2.4. If Xx is any nonempty locally-countable space, then
w—dim X =0.
Proof. Obvious.
The following example shows that the converse of Proposition 2.4 is not
true:
Example 2.5. Consider the subspace (Irr, U,,) of the usual space (R, U), since

(irr,U,, ) is an anti-locally countable »—-normal space and dimirr=0. Then by
Theorem 1.9, we have @ -dimIrr=0.

The following proposition gives the relationship between »—covering dimension
and »—normal spaces:
Proposition 2.6. If X is any space with o—dimX =0, then X is @—normal.
Proof. Let o—dimX =0 and U, VvV be two »- open sets of X such that
U UV =X . Therefore, there exists an »—open refinement {G,},_, of the cover
{U,v} of order not exceeding 0. This means that the members of {G,} _, are

AeA
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pairwise disjoint. Then G=| J{G,; G, cU} andw = J{G,; G, V| are disjoint and

AeA AeA

X =GUW. Therefore, by Theorem 1.8, X isan «»—normal space.

The following example shows that the converse of Proposition 2.6 is not true
in general.
Example 2.7. Consider the closed ordinal space X =[0,Q] that is given in [6,

Example 3.4]. Since X is a normal »-space, then X is an »-normal space and
o—dim X =dim X . But since {Q}is a closed subset of X and there is no clopen
subset which contains {Q} . Since X is T, space, then dimX =0 , hence
wo—dimX #0.
The following proposition gives the relationship between - covering

dimension and o —disconnected spaces:
Proposition 2.8. Let X be any space with more than one point. If »—dimX =0,
then X is w—disconnected.
Proof. Let w—-dimX =0, and let x and y be two distinct points in X . Then,
{X ={x},Xx ={y}} is a finite @—open covering of X . So by putting U = X —{x} and
V =X -{y} in the proof of Proposition 4.1.6. Then, we obtain two disjoint
o— clopen sets GcU and W cVv such that GUW =X . Thus G is a proper
o—clopen subset of X . Hence, the space X is «—disconnected.

The following example shows that the converse of Proposition 2.8 is not true
in general.
Example 2.9. Consider that the space (R,3) with 3={2,{0}, R} . Since {0} is
an o—clopen subset of (R,3), then (R,3) X is w—disconnected. Also since there
is no disjoint w— open subset of (R,3), except {0} and R—{0}. This implies
that (R,3) is notan »-T, space. Hence by [6, Corollary 4.5] and Theorem 1.9, it is
not »—normal. So by Proposition 2.6, @-dimR>0

The following examples show that the «—covering dimension (@ —dim ) and
covering dimension (dim) are distinct. They also show that (w—dim ) is distinct
from each of c- dim (s-dim, s- dim;, p-dimand g-dim). For these inductive
dimensions we refer [3], [4], [5], [9] and [10]:
Example 2.10. Let X ={a,b,c} and z={z, X,{a},{a,b}{a,c}}. Then, SO(X)=z=
CO(X)=PO(X). Since the family {{a},{a,b}, {a,c}} is an open (semi-open, c-open, p-
open) refinement of every open, clopen, semi-open, preopen cover of X |,
then dim X =1=c-dim X =s-dim X =s-dim; X =p-dim X, but by Proposition 2.4, we
have w—dim X =0.
Example 2.11. Consider the topological space (X,T,,), where X isan uncountable
set. So we have SO(X)=T,,, =CO(X)=(T,,), and PO(X)=T,. Then dimX =0=c-

46 | acadj@garmian.edu.krd Conference Paper (July, 2017)




Ol 38 Aaele Aowe Journal of Garmian University e ydS S38915 yk8sS

dimX = s- dimX = s- dim, X = p- dimX = g- dimX . Since X is not - regular
then w—dim X >0 (in fact @ —dim X = ).
However, the following results exhibit a relationship between «—covering

dimension and covering dimension:
Corollary 2.12. If aspace X is locally-countable, then »—dim X <dimX.

Proof. Follows from Proposition 2.4.
Corollary 2.13. If a space X is anti-locally-countable »—-regular or »-normal,
then o—dimX =dim X .
Proof. Follows from Theorem 1.9,
Also, we obtain the following corollary:
Corollary 2.14. If a space X is anti-locally-countable such that o—dimX =0,

then dim X =0.

Proof. Follows From Corollary 2.13.
Since if X is a countable set equipped with the discrete topology or

indiscrete, then »—dim X =0=dim X . However, X is not an anti-locally-countable

space. This means that the converse of the Corollary 2.13 is not true, and in virtue
of Example 2.11, the »—regularity of X cannot be dropped in the Corollary 2.13,

but it can be replaced by another condition for example see Corollary 2.17, below.
We can show the following relationship between «—covering dimension and

covering dimension:
Theorem 2.15. Let X be an anti-locally-countable normal space. Then,
dimX <o-dimX.
Proof. If either w—dimX =« 0or @—dimX =-1, then there is nothing to prove.
Let n be any non-negative integer such that w—dimx =n, and let {G,};, be any
finite open covering of X . Since X is normal, so, there exists an open
covering {0}, such that clo,cG, for each i=12..t. Again, by normality
of X and Theorem 1.3, there exists a family {v,};, of open subsets of X such
that ClO, cV, cCIV c G, for each i=12,..,t : and the
families {CIv,}, and {ClO,}, are similar. Since w-dimX =n, then there is
an o- open refinement ¢ of {,}, of order not exceeding n . Let
U=JWe% wcv,} for each i=12..t . Clearly {,}, is of order not
exceeding n. Since X is anti-locally-countable, and for each i=12..t, U, is
o—-open in X . Then by Lemma 1.5, we have U, c IntCIU, cCIV, =G, . Hence,
{IntClu, ., is an open refinement of {G,}, of order not exceeding n .
Therefore, dmX <n=w-dimX.

Finally, we have the following relationship between «-covering dimension
and covering dimension:
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Theorem 2.16 If a space X has the property that every »— open covering
of X has a locally-finite open refinement. Then, ©»—dim X <dim X .

Proof. Let X be a space with the given property. So, if either ow—dimX =
or o—dimX =-1, then there is nothing to prove. Suppose that dimX =n, and
let {U,}, be any finite w—open covering of X . Then by hypothesis, this »—open
covering has a locally-finite open refinement {G,},, . Let G, =(J{G,; G, cU,}

AeA

Is a finite open covering of X . Since dim X =n, then there
of {G,}., (and hence of {U,}:,) of order not

AeA

for each i. Thus (G},
exists an open refinement W |

yell

exceeding n, therefore, @—dimX <n=dimX.

As an immediate consequence of Theorem 2.15 and Theorem 2.16, we have:
Corollary 2.17. If X an anti-locally-countable normal space with the property

that every «-open covering of X has a locally-finite open refinement, then
w—dimX =dim X .

3. Some Characterizations and Other Resultson @—Covering Dimension

In this section, we give some characterizations of »—covering dimension.
Also we give some other results on » —covering dimension, without proof and then

our first characterization is the following:
Theorem 3.1. If X is any space, then, the following statements are equivalent:

1. w—-dimX<n.

2. For every finite »— open covering {U,}., of x, there is an »— open
covering {v,}:, of order not exceeding n such that v,cuU, for each
i=12,...t.

3. If {U,}"? is an w-open covering of X, there is an »— open covering

i=1

VJ"F suchthat [V, =2.
i=1
Theorem 3.2. If X is any o—normal space, then, the following statements are
equivalent:
1. w—-dimX <n.
2. For every finite »— open covering {U,}, of X there is an - open
covering v}, such that «CIv, cU, for each i=12,..,t, and the order of

{eCIV, ., does not exceed n.
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3. For every finite »—open covering {U,}, of X there is an »- closed
covering {F}_, of order not exceeding n such that F cuU, for each
i=12,...,t.

4. Every finite »—open covering of X has a finite »-closed refinement of
order that does not exceed n.

5. If {U,}""? is an »-open covering of X there is an »- closed covering

i=1

t
i=1

n+2

{F}7 suchthat NF, =2.

i=1
i=1

Theorem 3.3. If X is any o—normal space, then the following statements are
equivalent:
1. o-dimX <n,
2. For each family {F}"' of w-closed sets and each family {U,}" of »—open
sets of X such that F, cuU, for each i, there is a family {,}"! of w—open

n+1 n+1l

i=1

n+l
sets such that F, <V, cClV, cU, foreach i,and (\ab(V,)=9.
i=1
3. For each family {F |, , of w—open
sets of X such that F cuU, for each i, there exist families {v |, and

W,k of w—open sets such that F, cV, c oCIV, cW, cU, for each i, and the
order of {«CI(W,)-V,}., does notexceed n-1.

4. For each family {F}, of w—closed sets and each family {U,}, of w—open

sets of X such that F, cU, for each i, there is a family {v, |, of »—open

sets such that F cV,caeClV,cU, for each i , and the order

of {wb(V,)}:, does not exceed n-1.

Similarly, as [26, p. 118], we can extend Theorem 3.3 to countable families
in the following result:
Proposition 3.4. If X is any o—normal space such that ®—dimX <n, then for

each family {F,}_, of w-closed sets and each family {U,}_, of »-open sets

of X such that F, cU, for each i, there is a family {v.}_, of »—open sets such
that F <V, cU, foreach i ,and the family {wb(V,)}_, does notexceed n-1.
Definition 3.5. Let A and B be any two disjoint sets in a space X . A subset L is
called an o - partition between A and B , if there exist two disjoint »—open
sets U and w suchthat AcU, Bcw and X -L=UUW.

We can prove the following useful characterization of - covering

dimension:
Theorem 3.6. If X is any o—normal space, then the following statements are

equivalent:

t

of w-closed sets and each family {U,}:

t
i=1

ieN
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1. o—dimX <n.
2. For each family {(E,,F )} of n+1 pairs of disjoint »—closed sets, there

i=1

exist n+1  w-—continuous mappings f,:X —1 such that f,(E )={0} and
f.(F)=1{} foreach i,and hl fil(%j;@.
i=1
3. For each family {(E,F)'T of n+1 pairs of disjoint »—closed sets, there

i=1

of w- closed sets of X such that L, is an

n+1l

exists a family {L}"
n+1

w—partition between E, and F, foreach i,and (L =2@.

i=1

The following result is called the sum theorem for »— covering dimension:
Theorem 3.7. Let X be a topological sum of the family of spaces {X,}
If o—dimX, <n, foreach 21eA then w—-dimX <n+1.

The following is a useful theorem about «-covering dimension:
Theorem 3.8. If X is an - normal space with the property that for each
o—closed set F and each »-open set U such that FcU , there exists an
w-open set vV in X such that FcvcU and wo-dimab(V)<n . Then
w—dim X <n+1.

AeA
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