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Abstract 

 In this paper, we introduce a new notion of fuzzy convexity as a 

generalization of the other types of convexities, and give some connections 

between type 2 fuzzy convexity and generalized fuzzy convexity. We also discuss 

the relationship of type 2 fuzzy convex set with generalized strongly convex fuzzy 

set and semistrongly convex fuzzy set.  
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1. Introduction and Notations 

 The concept of fuzzy sets and fuzzy set operations were first introduced by 

Zadeh [21] in 1965 and subsequently several authors have discussed various 

aspects of the theory and applications of fuzzy sets [5, 9-10, 24]. Zadeh’s work 

continued research and scholars extensively studied fuzzy convexity such as [1-4, 

8, 11-13, 15-16, 18-20]. In this section, we review the definitions related to the 

topic and present the notations needed in the rest of the paper. In section two, we 

give our definitions of generalized strongly convex fuzzy sets, generalized 

semistrongly convex fuzzy sets and type 2 fuzzy convex sets, and prove some new 

important theorems and connections among them. The last section contains 

conclusions related to our main results. 
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 Let  ̃ be any fuzzy subset defined on the universal set  . Then its grade of 

membership, denoted by   ̃ , maps whole members in universal set   to closed 

interval [   ]    . If we call fuzzy sets, such as considered, as type 1 fuzzy sets 

then a type 2 fuzzy set can be defined as a fuzzy set whose membership grade 

values are type 1 fuzzy sets on   . A fuzzy set  ̃ on   is quasi-convex if and only if 

  ̃( )     [  ̃(  )   ̃(  )] , where   (    )       ,         and 

   (   )     . Frequently, we will denote the family of all fuzzy sets in   by 

 ( ) and sometimes write  (   ̃) instead of   ̃( ). 

 Let   ̃   ( ) ,     (  is a nonempty index set). Then the standard fuzzy 

intersection of  ̃ ,  ̃  ̃ , is defined by      (   ̃ )      ̃ 
( ) ; the standard 

fuzzy union of  ̃ ,  ̃  ̃ , is defined by      (   ̃ )      ̃ 
( ) ; and the 

complement of  ̃ ,   ̃ , is defined by  (    ̃ )     (   ̃ ), for all    . The 

union of a fuzzy set  ̃  and its complement   ̃  should not necessarily give the 

whole universal set  . Also, the intersection between the two is not necessarily 

equal to the empty set. 

 One of the basic notions of fuzzy subsets is the Zadeh’s extension principle. 

This extension first implied in [21] in an elementary presentation and was finally in 

[22] and [23] are presented. This principle provides a method for extending crisp 

mathematical notions to fuzzy quantities as the arguments of the function. Let 

               given by    (          )  and  ̃   (  )  for 

        . Here the set  ̃   ( ̃   ̃     ̃ ) is defined by 

 (   ̃)  ⋁ ( (    ̃ )   (    ̃ )    (    ̃ ))

                (          )

 

Let  ̃   ̃    ( ). If we denote the extended addition and multiplication by   

and  , respectively, then by the Zadeh’s principle, one obtains 

 (   ̃   ̃  )  ⋁ ( (    ̃
 )   (    ̃

  ))

               

 

and 

 (      ̃  )   (   
    ̃  )      

 As a generalization of Zadeh’s fuzzy set, the concept of interval valued fuzzy 

set was presented by Gorzalczany [6] and introduced for the first time by Turksen 
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[17]. Let  ( ̃  ) and  (   ̃) denotes for lower fuzzy set and upper fuzzy set about 

  
 ̃, respectively, then the mapping  ( )

 ̃    [ ( ̃  )  (   ̃)] is called an interval 

valued fuzzy set on   and frequently we shall call generalized fuzzy sets. All 

generalized fuzzy sets on the universal set   are denoted by    ( ). 

 Let   
 ̃     ( )  and         . We define   

 
[     ]
 ̃  and   

 
(     )
 ̃ , 

respectively, as the crisp set of all elements of the universal set   that belongs to 

lower fuzzy set about   
 ̃ at least to the degree    and upper fuzzy set about   

 ̃ at 

least to the degree   ; the ordinary set that contains all elements of the universal set 

whose membership grades in the given lower set are greater than but do not include 

the specified value of    and membership grades in the given upper set are greater 

than but do not include the specified value of   . In addition,   
 ̃ is a generalized 

convex fuzzy set [7], if for any         and     , we have  (    (   )  )
 ̃  

 (  )
 ̃    (  )

 ̃ . 

2. Type 2 Fuzzy Convexities 

 This section is devotes to present some connections between type 2 fuzzy 

convex sets and the other types of convexities. 

Definition 1: Let   
 ̃     ( ). Then   

 ̃ is called a generalized strongly convex 

fuzzy set if  

 (   (   ) )
 ̃  [ ( ̃  )  ( ̃  )  (   ̃)  (   ̃)] 

for every (   )       
 

[ ]
 ̃  and      . 

Definition 2: Let   
 ̃     ( ) . Then   

 ̃  is called a generalized semistrongly 

convex fuzzy set if  

 (   (   ) )
 ̃  [ ( ̃  )  ( ̃  )  (   ̃)  (   ̃)] 

for every       
 

[ ]
 ̃ ,  ( ̃  )   ( ̃  ),  (   ̃)   (   ̃) and      . 

Definition 3: Let   
 ̃     ( ). Then   

 ̃ is called a type 2 fuzzy convex set if  
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 (   (   ) )( )
 ̃

 [ (   ( ̃  )  (   )   ( ̃  )  )  (     (   ̃)

 (   )   (   ̃))] 

for any       
 

[ ]
 ̃ ,       and     . 

Theorem 4: Let   
 ̃    

 ̃     ( ). If both   
 ̃  and   

 ̃  are type 2 fuzzy convex 

sets, then   
 ̃ ̃ ̃ is a type 2 fuzzy convex set. 

Proof: Let       
 

[ ]
 ̃ ̃ ̃,       and     . By hypothesis, we have 

 (   (   ) )( )
 ̃ ̃ ̃

 * ( ( ̃ ̃ ̃    (   ) )  )  (   (   (   )   ̃ ̃ ̃))+ 

 * ( ( ̃    (   ) )   ( ̃    (   ) )  )  (   (   (   )   ̃)

  (   (   )   ̃))+ 

 * ( ( ̃    (   ) )  )

  ( ( ̃    (   ) )  )  (   (   (   )   ̃))

  (   (   (   )   ̃))+ 

 * ( ( ̃    (   ) )  )  (   (   (   )   ̃))+

 * ( ( ̃    (   ) )  )  (   (   (   )   ̃))+ 

Since   
 ̃ and   

 ̃ are type 2 fuzzy convex sets, we get 

 (   (   ) )( )
 ̃ ̃ ̃

 [ (   ( ̃  )  (   )   ( ̃  )  )  (     (   ̃)

 (   )   (   ̃))]

 [ (   ( ̃  )  (   )   ( ̃  )  )  (     (   ̃)

 (   )   (   ̃))] 
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Finally, from the Zadeh’s extension principle we obtain 

 (   (   ) )( )
 ̃ ̃ ̃

 ⋁ * (   ( ̃  )   )

             

  ((   )   ( ̃  )   )   (      (   ̃))

  (   (   )   (   ̃))+

 ⋁ * (   ( ̃  )   )

             

  ((   )   ( ̃  )   )   (      (   ̃))

  (   (   )   (   ̃))+ 

 ⋁ * ( ( ̃  )      )   ( ( ̃  ) (   )    )  (       (   ̃))

             

  ((   )      (   ̃))+

 * ( ( ̃  )      )

  ( ( ̃  ) (   )    )  (       (   ̃))

  ((   )      (   ̃))+ 

 ⋁ * ( ( ̃  )   )   ( ( ̃  )   )  (    (   ̃))

            (   )  

  (    (   ̃))+

 * ( ( ̃  )   )   ( ( ̃  )   )  (    (   ̃))

  (    (   ̃))+ 

 ⋁ * ( ( ̃  )   )   ( ( ̃  )   )   ( ( ̃  )   )

            (   )  

  ( ( ̃  )   )  (    (   ̃))   (    (   ̃))   (    (   ̃))

  (    (   ̃))+ 
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 ⋁ * ( ( ̃ ̃ ̃  )   )

            (   )  

  ( ( ̃ ̃ ̃  )   )  (    (   ̃ ̃ ̃))   (    (   ̃ ̃ ̃))+ 

 ⋁ * ( ( ̃ ̃ ̃  )      )

             

  ( ( ̃ ̃ ̃  ) (   )    )  (       (   ̃ ̃ ̃))

  ((   )      (   ̃ ̃ ̃))+ 

 ⋁ * (   ( ̃ ̃ ̃  )   )

             

  ((   )   ( ̃ ̃ ̃  )   )  (      (   ̃ ̃ ̃))

  (      (   ̃ ̃ ̃))+ 

 [ (   ( ̃ ̃ ̃  )  (   )   ( ̃ ̃ ̃  )  )  (     (   ̃ ̃ ̃)

 (   )   (   ̃ ̃ ̃))] 

Remark 5: Let   
 ̃    

 ̃     ( ). If   
 ̃ and   

 ̃ are type 2 fuzzy convex sets, then 

standard fuzzy union of   
 ̃ and   

 ̃ is not necessarily a type 2 fuzzy convex set. It 

is easy to see that for        ,       and    , the following example 

covers the remark; 

 (   (   ̃))  {
(   ) (   )          [   ]

                                      (   )
 

 ( ( ̃  )  )  {

(   )                          (     ]

                                         [     ]

                                        [   )    

 

 ( ( ̃  )  )  {
                                     (   )

(   )                      [   ]
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 (   (   ̃))  

{
 
 

 
 

                                                           

(   ) (  √ )             (√   )     

(   ) (√   )              (  √ ]     

                                            [   ]        

 

Theorem 6: Let   
 ̃     ( ) . If for all       

 
[ ]
 ̃     ,  (  )

 ̃   (  )
 ̃  

  (   )
 ̃ , then   

 ̃ is a type 2 fuzzy convex set. 

Proof: Let       and     . From the definition of generalized fuzzy sets and 

hypothesis we have,  

 (   (   ) )( )
 ̃  * ( ( ̃    (   ) )  )  (   (   (   )   ̃))+ 

 * ( ( ̃   )   ( ̃ (   ) )  )  (   (    ̃)   ((   )   ̃))+ 

From the Zadeh’s extension principle we get 

 (   (   ) )( )
 ̃

 ⋁ * ( ( ̃   )   )

             

  ( ( ̃ (   ) )   )  (    (    ̃))   (    ((   )   ̃))+ 

 ⋁ * ( ( ̃   )    )

            (   )  

  ( ( ̃ (   ) ) (   )  )  (     (    ̃))

  ((   )    ((   )   ̃))+ 

On the other hand, the hypothesis of the theorem gives that 

 ( ( ̃   )    )   ( ( ̃ (   ) ) (   )  )

  (   ( ̃  )    )   ((   )   ( ̃  ) (   )  ) 

and 
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  (     (    ̃))   ((   )    ((   )   ̃))

   (       (   ̃))   ((   )   (   )   (   ̃)) 

Therefore, 

 (   (   ) )( )
 ̃

 ⋁ * (   ( ̃  )    )

            (   )  

  ((   )   ( ̃  ) (   )  )   (       (   ̃))

  ((   )   (   )   (   ̃))+ 

Again from the extension principle for fuzzy sets, we obtain 

 (   (   ) )( )
 ̃

 ⋁ * ( ( ̃  )   )

            (   )  

  ( ( ̃  ) (   )  (   )  )  (    (   ̃))

  (    ((   )(   )     ̃))+ 

 ⋁ * ( ( ̃  )   )   ( ( ̃  )   )  (    (   ̃))

            (   )  

  (    (   ̃))+ 

 ⋁ * ( ( ̃  )      )   ( ( ̃  ) (   )    )  (       (   ̃))

             

  ((   )      (   ̃))+ 

 ⋁ * (   ( ̃  )   )

             

  ((   )   ( ̃  )   )   (      (   ̃))

  (   (   )   (   ̃))+ 
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 [ (   ( ̃  )  (   )   ( ̃  )  )  (     (   ̃)  (   )

  (   ̃))] 

Theorem 7: Let   
 ̃     ( ). If   

 ̃ is a type 2 fuzzy convex set then  ( )
 ̃  is a 

generalized convex fuzzy set in    for all     
 

[ ]
 ̃ . 

Proof: For (   )        and      . The definition of type 2 fuzzy convex set 

gives that, 

 (   (   ) )(   (   ) )
 ̃

 [ (   ( ̃  )  (   )   ( ̃  )    (   ) )  (  

 (   )     (   ̃)  (   )   (   ̃))] 

Therefore, the Zadeh’s principle implies that, 

 (   (   ) )(   (   ) )
 ̃

 ⋁ * (   ( ̃  )   )

         (   )       

  ((   )   ( ̃  )   )  (      (   ̃))

  (   (   )   (   ̃))+ 

 ⋁ * ( ( ̃  )      )

         (   )       

  ( ( ̃  ) (   )    )  (       (   ̃))

  ((   )      (   ̃))+ 

 ⋁ * ( ( ̃  )   )   ( ( ̃  )   )  (    (   ̃))

         (   )      (   )  

  (    (   ̃))+ 

On the other hand, for any (     )     
 and       the equality     

(   )      (   )  gives that 
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* ( ( ̃  )   )   ( ( ̃  )   )  (    (   ̃))   (    (   ̃))+

 * ( ( ̃  )  )   ( ( ̃  )  )  (   (   ̃))   (   (   ̃))+ 

Hence, the result follows from the fact that 

⋁ * ( ( ̃  )  )   ( ( ̃  )  )  (   (   ̃))

        (   )      (   ) 

  (   (   ̃))+ 

 * ( ( ̃  )  )  (   (   ̃))+  * ( ( ̃  )  )  (   (   ̃))+ 

Theorem 8: Let   
 ̃     ( ) . If   

 ̃  is a type 2 fuzzy convex set, then 

 (    (   )  )
 ̃  is a generalized convex fuzzy set in    for all     

 
[ ]
 ̃  and      . 

Proof: It is similar to the proof of Theorem 7. 

Theorem 9: If   
 ̃     ( ), then   

 ̃ is a type 2 fuzzy convex set if and only if 

 (   (   ) )
 ̃  is a generalized convex fuzzy set in    for all (   )    

 
[ ]
 ̃    

 
[ ]
 ̃  

and      . 

Proof: Suppose that   
 ̃ is a type 2 fuzzy convex set and       . Then, from the 

extension principle for fuzzy sets, we obtain 

 (   (   ) )(   (   ) )
 ̃

 * (   ( ̃  )  (   )   ( ̃  )    (   ) )  (  

 (   )     (   ̃)  (   )   (   ̃))+ 

 ⋁ * (   ( ̃  )  )

       (   )     

  ((   )   ( ̃  )  )  (     (   ̃))

  (  (   )   (   ̃))+ 
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 ⋁ * ( ( ̃  )     )

       (   )     

  ( ( ̃  ) (   )   )  (      (   ̃))

  ((   )     (   ̃))+ 

 ⋁ * ( ( ̃  )  )   ( ( ̃  )  )  (   (   ̃))

       (   )     (   ) 

  (   (   ̃))+ 

 ⋁ * ( ( ̃  )  )   ( ( ̃  )  )  (   (   ̃))

       (   )     (   ) 

  (   (   ̃))+ 

 * ( ( ̃  )  )   ( ( ̃  )  )  (   (   ̃))   (   (   ̃))+ 

To prove the converse, since  (   (   ) )
 ̃  is a generalized convex fuzzy set in   , 

we have 

 (   (   ) )(   (   ) )
 ̃

 * ( ( ̃  )  )   ( ( ̃  )  )  (   (   ̃))   (   (   ̃))+ 

for all       . Hence,  

 (   (   ) )( )
 ̃

 ⋁ * ( ( ̃  )  )   ( ( ̃  )  )  (   (   ̃))

         (   ) 

  (   (   ̃))+ 

 ⋁ * ( ( ̃  ) 
 

 
)   ( ( ̃  ) 

 

   
)   (

 

 
  (   ̃))

         

  (
 

   
  (   ̃))+ 
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 ⋁ * (   ( ̃  )  )   ((   )   ( ̃  )  )  (     (   ̃))

         

  (  (   )   (   ̃))+ 

 [ (   ( ̃  )  (   )   ( ̃  )  )  (     (   ̃)  (   )

  (   ̃))] 

Theorem 10: If   
 ̃     ( ), then   

 ̃ is a type 2 fuzzy convex set if and only if 

 (    (   )  )
 ̃  is a generalized convex fuzzy set for all       

 
[ ]
 ̃  and      . 

Proof: It is similar to the proof of Theorem 9. 

Theorem 11 [14]: Let   
 ̃     ( ) be a generalized semistrongly convex fuzzy 

set. If   
 

[     ]
 ̃  is closed for every (     )       , then   

 ̃  is a generalized 

convex fuzzy set on  . 

Corollary 12: Let   
 ̃     ( ) and   

 
[     ]
 ̃  be closed for every (     )     

  . If  (    (   )  )
 ̃  is a generalized semistrongly convex fuzzy set for all     

  
 

[ ]
 ̃  and      , then   

 ̃ is a type 2 fuzzy convex set. 

Proof: It follows from Theorem 10 and Theorem 11. 

Theorem 13 [14]: Let   
 ̃     ( ) be a generalized convex fuzzy set. If there 

exists       for every (   )       
 

[ ]
 ̃  implies that 

 (   (   ) )
 ̃  [ ( ̃  )  ( ̃  )  (   ̃)  (   ̃)]  

then   
 ̃ is a generalized strongly convex fuzzy set on  . 

Corollary 14: Let   
 ̃     ( ). If   

 ̃  is a type 2 fuzzy convex set and there 

exists       for every (   )       
 

[ ]
 ̃  implies that 

 (    (   )  )
 ̃  [ ( ̃  )  ( ̃  )  (   ̃)  (   ̃)]  

then  (    (   )  )
 ̃  is a generalized strongly convex fuzzy set. 
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Proof: It follows from Theorem 10 and Theorem 13. 

 

3. Conclusion 

In this paper, we presented concepts of type 2 fuzzy convexities and generalized 

fuzzy sets, and described their characteristics. Also, the necessary and sufficient 

condition for which type 2 fuzzy convex sets become the other types of generalized 

convex fuzzy sets is illustrated. We discussed the conditions for which generalized 

fuzzy sets become type 2 fuzzy convex sets. In addition, some conditions for which 

generalized semistrongly convex fuzzy sets become a type 2 fuzzy convex set and 

type 2 fuzzy convex sets become a generalized strongly convex fuzzy set are 

presented. Furthermore, we have demonstrated that type 2 fuzzy convex sets 

preserved under the fuzzy intersection operation but for the fuzzy union operation 

need not necessarily. Our main results could be used as a foundation for further 

research of fuzzy convexities, such as convex and concave fuzzy soft sets and their 

generalizations. 
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