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Abstract

In this paper some results that concerning localization of modules are proved. It
also, studies the effect of localization on certain types of modules such as
Rad —supplemented modules, weak Rad —supplemented modules and completely
weak Rad —supplemented modules. Several conditions are given under which
certain properties of such types of algebraic structures are preserved under
localization.
Keywords: Localization of modules, Rad —supplemented modules, weak
Rad —supplemented modules, completely weak Rad —supplemented modules and
amply Rad —supplemented modules.
1 Introduction

Throughout this paper, R is a commutative ring with identity and M is a unitary
left R —module. By N = M we mean N is a submodule of M. A submodule V of M
is called a small submodule of M, denoted by V << M, if L = M is any submodule
such that V+ L =M, then L =M [12], and V is called a supplement (a weak
supplement) of U=M if M=U+V and UNnV <V (UnV<M) [8].
Moreover, M is called a supplemented (a weak supplemented) module if every
submodule of M has a supplement (a weak supplement) in M [4]. M is called an
amply supplemented R — module if for any submodules U and V' of M with
M = U + V there exists a submodule K of U such that K = V' [4], and M is called
an amply weak supplemented R — module if every submodule of M has amply
supplement in M [8] and V is called a Rad — supplement or a generalized
supplement (a weak Rad —supplement or a generalized weak supplement) of U in
MifM=U+VandUNV = RadV (UNV = RadM) [9]. Moreover, M is called
a Rad— supplemented or a generalized supplemented (a weakly
Rad — supplemented or a generalized weakly supplemented) module if every
submodule of M has a Rad —supplement or a generalized supplement (a weak
Rad —supplement or a generalized weak supplement) in M [11]. M is called
completely weak Rad — supplemented if every submodule of M is weakly
Rad —supplemented [9] and it is called amply Rad —supplemented (or generalized
amply supplemented) in case M = U + V implies that U has a Rad —supplement
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(or has a generalized supplement) in V [13]. If r € R, then we define
N:r ={x € M ;rx € N} [1]. A submodule K = M is called a radical submodule if
Rad(K) =K. M is called a hollow module if every proper submodule of M is
small in M [13], and by a hollow radical submodule is meant a submodule which is
both hollow and radical. M is called a semi-simple if every submodule of M is a
direct summand [5]. For a submodule K of M we define Sy, (K) = {r e R:rx €K,
for some x & K} [2]. A non-empty subset S of R is called a multiplicative system in
R, if0€Sanda,b€eS implies ab € 5 [6]. IfS is a multiplicative system in R,
then one can obtain an Rz —module, denoted by M., under the module operations

tx+ r X X ¥ x ¥ :
4 and-.= == for— € Rsand =,= € Mg, so that when we say M; is
K t st u s Uus U E- R

a module we mean M. is an R; —module. In fact, this module Ms is known as the
localization of M at the multiplicative system S [1].

2. Some Basic Preliminaries

The following are some known results on which we depend to prove the main
results of this paper.
Corollary 2.1. [3] Let M be an R —module and P a prime ideal of R. For
submodules N, L of M the following are satisfied.

(1) (M/N)p = Mp /Np.

Q) (N+L)p =Ny + L.

B)Y(NNL)p =Ny N Lp.
Proposition 2.2. [7] Let L and N be submodules of an R—module M. ThenL € N
if and only if L, © N, for every maximal ideal P of R,

Corollary 2.3. [7] Let L and N be submodules of an R—module M. Then
L= Nifandonly if L, = Np, for every maximal ideal P of R.
In particular, N = M if and only if N, = M,, for every maximal ideal P of R,

Lemma 2.4. [11] Let M be an R —module and VV a Rad —supplement submodule of
Uin M. If Un V is a supplement submodule in U, then ¥ is supplement
submodule in M.

3. Main Results

First, we give an example of an R —module M in which there is a prime ideal P
of R and for which S(K) =< P, for all proper submodules K of M.
Example. Consider Z; as a Z —module, that is take R = Z and M = Z;. Clearly
P=<22>is a prime ideal of Z. The only proper submodules of Z; are
{0},{0,4},{0,246} . Now, one can easily calculate S({0}),5({0,4}) and
5({0,2,4,6}) and get that
S{0}) =<2==PCP.
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S({0,4}) =<4 =€ P,
5({0,2,4,6}) =<8 =C P,
Hence, Zg is a Z —module, where P =< 2 = is a prime ideal of Z and such that
S(K) < P for all submodules K of Z,.

Now, we prove the first result.
Lemma 3.1. Let M be an R —module with submodules U and Vof M and P be any
maximal ideal of R such that for each proper submodule K of M, we have
S(K) < P. If Vz is a weak Rad —supplement submodule of Up in My, then for a

submodule L' of U, , there exists a submodule L of U such that % IS a weak

Rad —supplement submodule of % in %

Proof. As Iz is a weak Rad —supplement submodule of Uy in My, we have
Up + Ve =My and Uy NV, < Rad(M;), this implies that (U+ V), = M, and
(UNV)p <Rad(Mp) . By wusing [1, Corollary 3.26], we have
(UnNV)p = (RadM)p, so by Corollary 2.3 and Proposition 2.2, we get
U+V =MandUnV = RadM, so that V is a weak Rad —supplement submodule
of U in M. Now, since L' < Uy, so by [1, Lemma 3.16], there exists a submodule
L= U such that L' =L . Thus by [9, Lemma 2.1], we get ? IS a weak

Rad —supplement submodule of % in %

In [9, Proposition 11.1], it is proved that every factor module of completely
weak Rad —supplemented module is also a completely weak Rad —supplemented
module. Now, we prove this result by replacing the module with its localization at
maximal ideals.

Proposition 3.2. Let M be an R —module with a submodule L of M and P be any
maximal ideal of R such that for each proper submodule K of M we have

S(K) € P. If My is a completely weak Rad —supplemented R —module, then % IS
a completely weak Rad —supplemented R —module.

Proof. Let% be a submodule of % where L = K =< M. Then, f—” is a submodule of
F

tf—’:, where Lp = Kp = Mp. Let f—’: be a submodule of f—’: where Lp = Up < Kp.
P P P

Since My is a completely weak Rad —supplemented Rz —module, there exists a
submodule Ve of Ky for which Up + Vz, = Kz and U NV, < Rad(K;). As Vz is a

weak Rad —supplement of Up in Kp and Lp = Up, so by Lemma 3.1, we get that
V+L . oo, K K .
- Is a weak Rad — supplement of 7 In .. Hence ~ is a weakly

Rad —supplemented module. So that, % is a completely weak Rad —supplemented

R —module.
In the next result, we prove that, if the localization of a module at a maximal
ideal is completely weak Rad —supplemented, then the module itself is so.
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Proposition 3.3. Let M be an R —module and P be any prime ideal of R such that
for each proper submodule K of M, we have S(K) € P. If M, is a completely weak
Rad — supplemented R, — module, then M is also a completely weak
Rad —supplemented R —module.
Proof. Let W be any submodule of R —module M and K be any submodule of W
Then, by Proposition 2.2, W is a submodule of M, and K; is a submodule of Ws.
Since My is completely weak Rad — supplemented, then, Wp is weak
Rad —supplemented, therefore, K, has a weak Rad —supplemented in Mp. This
implies that, there exists a submodule U’ of W, such that U’ + K, = W, and
U' N Ky, < Rad(W:). By [1, Lemma 3.16], there exists a submodule U of W such
that U' =U, . That is, U +Ko=(U+K), =W, and
Uo NKp = (UNK)p = Rad(W,) by Corollary 2.1. By [1, Corollary 3.26] and
Proposition 2.3, we obtain U+ K =W and UN K = Rad(W). Hence K has a
weak Rad — supplement in W . This implies that, M is a completely weak
Rad —supplemented module.

Now, we give the following corollary to the Proposition 3.3.
Corollary 3.4. Let M be an R —module and P a maximal ideal of R such that for
each proper submodule K of M we have S(K) € P. Let M = N@L, where N, L are
submodules of M. If My is a completely weak Rad —supplemented R —module,
then N and L is also a completely weak Rad —supplemented R —module.
Proof. The proof follows directly by Proposition 3.3 and [9, Proposition 2.2].

Now, we give a condition under which, we can extend the result of [10, Lemma
3], to the localized modules.
Lemma 3.5. Let M be an R —module and P a maximal ideal of R such that for each
proper submodule K of M, we have S(K) € P. Let M = U + V for submodules U
and V of M. If Vp contains a Rad —supplement submodule of Up in Mp, then
UNV has a Rad —supplement submodule in V.
Proof. Let K be a submodule of V¥, and suppose that a submodule Ky of Vs is a
Rad — supplement of Up in Mp , then we have Up +Kp =M, and
Us NKp = (Rad K;), from the modular law, we have U NVy + Kp = Vp, since
Kp = Vp, then (Ups NVa) N K, = Uy N K, < (RadKy), by Corollary 2.1, we get
(UnWV)+K)p=V, and (UNnV)NK)p, = (RadKp) and by [1, Corollary
3.26], we have Rad(K,) = (RadK),, hence by Corollary 2.3 and Proposition
2.2, we get that (UnV)+K =V and (UNV)NK = RadK . Thus K is a
Rad —supplement submodule of (UN V) inV.

Now, we give a condition under which we can extend the result of [11, Lemma
4], to the localized modules.
Corollary 3.6. Let M be an R —module and V' a Rad —supplement submodule of U
in M, let P be any maximal ideal of R such that for each proper submodule K of M,

107 | acadj@garmian.edu.krd Conference Paper (July, 2017)




Ol 38 Aaele Aowe Journal of Garmian University e ydS S38915 yk8sS

we have S(K) S P. If (UnV)p is a supplement submodule in Uy, then V is
supplement submodule of some submodule in M,

Proof. Let K be a submodule of U and (U N V), is a supplement submodule of K,
in Up. Then we have Ko +(UnV)p=Us and Ko, N(UNV)p << (UNV)p |
then by Corollary 2.1, we get (K+({UnV))=U;
and (K n(UNV))p < (UNV)p, hence by Corollary 2.3 and [1, Corollary 3.26],
weget K+(UnV)y=UandKn(UnV)< (UnV), it follows that (U N V) is
supplement submodule of K in U. Thus by Lemma 2.4, we get that IV is supplement
submodule of some submodule of M.

In [11, Proposition 6], it is proved that, if every Rad —supplement submodule

of a module is Rad — supplemented module, then the module itself is a
supplemented module and now we extend this fact to the localized module.
Proposition 3.7. Let M be a reduced module and P a maximal ideal of R such that
for each proper submodule K of M, we have S(K) < P. If every Rad —supplement
submodule of M, is Rad —supplemented, then M is a supplemented module.
Proof. Let U and V' be submodules of M and V= a Rad —supplemented submodule
of Us in Mz. Then we have Up + Vp = My and Up NV, < RadV;, since M is a
reduced R —module, then by [1, Corollary 3.26], we get M, is a reduced
Rp —module, and we have V5 is a Rad —supplemented, then by [11, Proposition
5], we get RadV, << Vp, hence Up +Vp = My and Up NV, = RadVp << V;, then
by Corollary 2.1, we get (U+V), =M, and (UNnV), « V., hence by
Corollary 2.3 and [1, Corollary 3.26], we get U+ V =Mand UNnV <V, it
follows that V' is a supplement submodule of U in M. Thus M is supplement
R —module.

In the following result, we prove that if a module is a sum of two of its
submodules for which the localization of one of them is supplemented, then the
submodule contains a supplement of the other submodule.

Corollary 3.8. Let M be an R —module with submodules U and Vof M, and let P
be any maximal ideal of R such that for each proper submodule K of M, we have
S(K) € P, suppose that M = U + V. If Iz is a supplemented R —module, then VV
contains a supplement submodule of U in M.

Proof. Let L be a submodule of V and let L be a supplement of Up NV; in V5.
Then, we have Lo+ UsnNVps)=V, and LN ({U.NV,)<«< L, , where
UsNLp= LpN(UpnVp)<«< Ly , hence by Corollary 2.1, we get
(L+U+V))p=Veand (UNL), = (LN ({UNV))s «< Vs and by Corollary 2.3
and [1, Corollary 3.26], we get that L+{UnV)=V and
UNL=Ln(UnV)<«L, this means that L is a supplement of (UNV) inV.
Now, M =U+V=U+UnNV)+L=U+1L, hence we get M =U+ L and
UNL <« L, it follows that L is a supplement of U in M. Thus V contains a
supplement of U in M.,
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In [10, proposition 5], it is proved that if a module is amply
Rad —supplemented, then it is a hollow radical module. Now, we give a condition
under which, we can extend this result to the localized module.

Proposition 3.9. Let R be a Noetherian ring and M be a simply radical & —module.
Let P be a maximal ideal of R such that for each proper submodule K of M, we
have S(K) € P. If My is an amply Rad —supplemented R —module, then M is
hollow radical R —module.

Proof. Let U be a submodule of M and suppose that U, + V'=M, for a
submodule V' of M, by [1, Lemma 3.16], there exists a submodule V < M such
that V' = V5, hence we get U, + Vz = M. By hypothesis there exists a submodule
L’ of Vp such that Up + L' = M, and U, N L' < Rad (L"), again by [1, Lemma
3.16], there exists a submodule L = V such that L' = Lp, hence Up + Ly, = M and
Us N Lp < Rad (Lp) by Corollary 21, (U+L)p=M, and
(UN L), < Rad(Lp) and by [1, Corollary 3.26], we have Rad(Lp) = (RadLl),,
hence by Corollary 2.3 and Proposition 2.2, we get that M = U + L and
UNL <Rad(L) , and since M is simply radical, it follows that
Rad(L) =LNRad(M)=LNnM =1L, so L is a radical submodule, therefore
L = Mand so V= M. Hence, we deduce that U is a small submodule in M. Hence,
M is a hollow radical R —module.

Next, we prove that if every submodule of a localized module is
Rad —supplemented, then the module itself is amply Rad —supplemented.
Proposition 3.10. Let M be an R —module and P a maximal ideal of R such that
for each proper submodule K of M, we have S(K) < P. If every submodule of Mp
is a Rad —supplemented Rz —module, then M is an amply Rad —supplemented
R —module.

Proof. Let N be a submodule of M and L' < M,. Then N, < M, and by [1,
Lemma 3.16], there exists a submodule L of M such that L' = L, suppose that
Mp = Np +Lp, by assumption there exists a submodule H' of Ly such that
(NoNLp)+H =Ly and (Np NLp)NH' =N, NnH' <RadH' |, again by [1,
Lemma 3.16], there exists a submodule H <L such that H' = H,, hence
(NoNLpg)+Hp=L, and (NoNLp)NHz=N,NHy <Rad(H;) . Thus,
Lo=Ho+(NoNLpg)=N.+H, and hence Mp,=N.+L,<N,+H,
Therefore, M, = Np + Hp and N, N Hp < Rad(H;), by [1, Corollary 3.26], we
have Rad(H,) = (RadH)p, hence by Corollary 2.1, we get M, = (N + H), and
(NN H)p, = (RadH), and by Corollary 2.3 and Proposition 2.2, we get
M =N+ Hand NNH = RadH. Hence N has a Rad —supplement f = L. Thus
M is an amply Rad —supplemented module.

In [13, Proposition 2.5], it is proved that if a module is a sum of two
Rad —supplemented submodules, then the module itself is Rad —supplemented.
Now, we extend this result to the localized module.
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Corollary 3.11. Let N and L be Rad — supplemented R — modules and P a
maximal ideal of R such that for each proper submodule K of M, we have
S(K)SP.If Mp = Np + Lp, then M is a Rad —supplemented R —module.

Proof. Since, M, = Np + L, then by Corollary 2.1, we have M, = (N + L), and
also by Corollary 2.3, we get M = N + L. Hence by [13, Proposition 2.5], we get
that M is a Rad —supplemented module.

In [13, Proposition 2.1], it is proved that a Rad —supplemented module which
has zero Jacobson radical is semi simple. Now, we prove this result for the
localized module.

Corollary 3.12. Let M be a Rad —supplemented R —module with a submodule L
of M and P a prime ideal of R such that for each proper submodule K of M we have
S(K) € P.If Lo, n RadM, = 0, then L is semi simple.

Proof. Since LpNRadMp,=0 and by [1, Corollary 3.26], we have
Rad(M,) = (RadM);, then by Corollary 2.1, we get (L N RadM), = 0 and by
[7, Corollary 2.3], we get L N RadM = 0, hence by [13, Proposition 2.1], we get
that L is semi simple.

In [13, Proposition 3.2], it is proved that every supplement submodule of a
weak Rad —supplemented module is also weak Rad —supplemented. Now, we
prove this result for the localized module.

Proposition 3.13. Let M be an R —module and P a maximal ideal of R such that
for each proper submodule K of M, we have S(K)EP. If My is a weak
Rad —supplemented R —module, then every supplement submodule of M is weak
Rad —supplemented R —module.

Proof. Let K be a supplement submodule of M. For any submodule N = K, since
M, is a weak Rad —supplemented module, then there exists L' < M, such that
Mp =Ny +L" and N, NL' < RadM, , by [1, Lemma 3.16], there exists a
submodule L <M such that L' =L, , hence we get M, =N+ L, and
Ny NLp < Rad(M;) : Thus,
Ko=K.nNM,=Ksn(Ng+Lpz)= Ny, +(KpNLp) and
NoeN(KpnlLp)=Kyn(N; NLp) < Kp NRad(Mp) = Rad(Kp) by [13, Lemma
1.1]. Hence, Ny +(KpNLp) =Kp and Ny, N (Kp NLp) < Rad(Kp) , by [1,
Corollary 3.26], we have Rad(K;) = (RadK);, hence by Corollary 2.1, we get
(N+(KnL)p=Keand (NN (KNL))s < (RadK)p, hence by Corollary 2.3,
and Proposition 2.2, we get that N+ (KNL)=K and Nn (K NL) =< RadK.
Therefore, we get that K is a weak Rad —supplemented R —module.

Next, we prove that, if the sum of the localization of two submodules of a
module has a Rad —supplement submodule and if one of the submodules is
Rad — supplemented, then the other submodule has a Rad — supplement
submodule.
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Proposition 3.14. Let M be an R —module with submodules U,V = M, let U be a
Rad —supplemented module and P a maximal ideal of R such that for each proper
submodule K of M we have S(K) € P. If U, +V, has a Rad — supplement
submodule in My, then ¥V has a Rad —supplement submodule in M.

Proof. Let L be a submodule of V. Since, Up + V» has a Rad —supplement in M; |
suppose that L, is a Rad— supplement of Uz +V, , hence we get
Lo+ (Up+Ve)=Mp and Lo N (Up + V) = Rad(L;), by [1, Corollary 3.26],
we have Rad(Lp) =(RadL), , hence by Corollary 2.1, we get
(L+(U+V))p=Mpand (LN (U+V))p = (RadL)p, and by Corollary 2.3 and
Proposition 2.2, we get that L+ (U+V)=M and Ln(U+ V) < Rad(L).
For (L+V)NU, since U is a Rad —supplemented module, there exists K < U
such that (L+V)NU+K=U and (L+V)nK < RadK . Thus we have
L+V+K=Mand (L+V)NnK =< RadK, that is K is a Rad —supplement of
L+V in M. It is clear that (L+K)+V =M, since K+V=U+V,
LNn(K+V)=Ln({U+V)=<Radl , we get that
(L+K)NnV=Ln(K+V)+Kn(L+V)<RadlL+ RadK < Rad(L+K)
Hence we get (L+K)+V =M and (L+K)NV < Rad(L+K), that means
L+ K is a Rad — supplemented submodule of V in M . Thus V has a
Rad —supplement submodule in M.
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